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O -

0s0 0O00OO0O0OO0OOD0ODOODO
0.1 O000OD0OO0OO0ODOODODODO ..o e
0.2 OOODOOODO ... e
5.3 ODOODO . oo e
5.4 O00OD0O0OO0O0ODO0ODOODO ... e
5.0 OD0OODOOOOODODODOODOO ... e
0.6 DD0OOOOOOODOOOOODOODOO .« .. e e

o ot w W



5.7 UDUOO0ODLOUODLOODLODLObOObDOObLOObLOODbOOD



U1 tdogtdootdb,bbotguod

1.1 gogdo,on

Ullgoooboooooobboooooboooboobooooboboooooobooobooooobooon
oboboooboobooooooboooooooooobooobobOoooboOoooboooboOoooooooon
gooboooboooooooooooooooobooooooobobooobboobboobooooDboboOoo
gbooooooooboooo1aobooboobooooooboooboobbooboooboboooboon
obooooobooooooDo

gbbooboobooboooooobobooboooobobooboooooobooooboon

000000 ~e000000)+6(00000000)+¢00000000)

00000000000000000Oeb¢00000000000000000000aO b,e000
0000000000000000000000000000000000O¢O ¢,b0000000000
000000000000000000000000000000000000000000000000
000000000000000 (signal decomposition) 00 00000000000000000000
0oo0o0O0o0o0000

000000000000000000000000000¢000000 «(#)000000000000
0000000000000000 gi(t),g2(t),...,gn(t) 000000000000 x(t)00

N
z(t) ~ chgk(t) (1.1)
k=1

000000000000000 20000 ¢i(8),...,g8®) 0 c1,...,ey00000000000000
0000o0oooooog gi(t),...,gv() 00000 ¢,...,e000000000000000C0O0O «(¢)
0000000000000000 (L)000000000 ¢1,...,ex00000000 g1(¢), ..., gn5(t)
00000 (linear combination) 0 000

0000 (1.1) 0000000000 2(t) 0000000000000 OOO0OOOO0OOOOOOOO
g, k=1,...,. NOOOOOOOOOOODODOOODODOODODOODOOOOOOOoOoooOooooooog
gog200d

o /_O; (a(t) - ZN:ckgk(t)>2 dt (1.2)

00000000000000000'02000 EOOOODOOOO (1.1)0000 z¢)00D0O0000
o0oooooooDOo0bOEOOOODOODO0OO ¢, k=1,...,NODODODOO200000000
00000 2(¢)00000000000000O0F00 000000000000 OOOO

OE

—=0, j=1,....,N 1.3
8Cj Y J ) i ( )

100000000000 [~00,00] 000000000000000000DO0OD0DO0O0DDOOOOODOOOO



An example of voice data

1 1
0 0.02 0.04 0.06
Time [sec]

Il
0.08 0.1 0.12

U 11: 000000 exl.m

ooooboboOo0oooooo0ooooood g 000oobo0o0ooo0ooooonon

oo N
| 2o - Y o) (g0 de =0, j=1... N (1.4)
- k=1
goooooooodg
o0 N o0
| stg@ a=>6 [ ateod 1.8 (1.5)
- i=1 -
0000000000 ()0 y() 000000
() = / w(y(t) di
00o000o0o000ooo0oooooooooz2o
<x,gj>=/ 2(t)g; () dt, j=1,...,N
- (1.6)
<gk,gj>:/ (g () dt, kj=1,....N
Jooooooooooooooooooo
Re=r (1.7)
good
(91,91)  {g2,01) -+ (9n,g1) ¢1 (x,91)
(91,92)  (92,92) - (9n,92) X Ca (z,92)
R = ] ) ) ) , C= , =
(91,9~8) (g92,9n) -+ {gn.9nN) N (x,gn)

22(t),y(t) 00t 00000000000000000000000000000000000000000000000000
goooooooboooooooooooboboboOooooooo



00000 (1.7)00000ROODODOOOODOOOODOOOODOOOODOOOODOO RO
00O
¢=R'r (1.8)

gbobobobooboodgbooboobobobob

0000 (1.2)00020000000000+¢0000000000O0O0¢t0000O00OOOOOOOO0O
0000000000000 0000000000U0000Dwth)O0OO00O00 (1.2)000000

o0 N 2
E:/ (a(t) = 3 exgu®)) wlt) at (1.9)
e k=1
oooooooood e, k=1,..., NOOOOOOOOOOODOOOOOoOOooOOoOOOOm

gboooooboboboobobobobbobobooboboooboboboboboobobon
gbobooooboobooboobooobooooooooooobooooboooobooobobooboooooboooon
000000000000 () 00000000000000000000 gx(t), k=1,...,NOOOO
gboobouobooobooboboooboobooooboooobooboooobooon

e D00 DOUDOODOODLODOODODODLODLOLODOODOOUOODLUODLODODLODLDODOD
0 (1.1)000000000000000000 NOODOOOOD (1.2)0000 2000 FOOO
gbooobooboobobobobooboobooboobon

e JO00IODOODOOODOOOODODOOOOOOODOOOOODOOODOODOOODOODOOODOODOO
oooooooooooooboobooboooobboooooboobooboooobooboOoo
oooooo

e JUIDUODDOODODOODLDOUDDOODDO o OODDOODLOODOOODOODLOO
gboocooOobooooobooboooooboobooooobooooobooboooooooon

e 00D OODODUODOODOUDOODODLOODODLODDOUODOUOODOODODOODLO
oboooboooboobooboobooboboboooooobooobooobooooooooOon
gooobooboobuooboboboboboobooboobonoobo

ggbodgbobggbbooobuoobboobuoobbooboooboobboboboobboooo
oboobooboooogoo

1.2 OJO0O0gooon

0lilgboboooobooobooboobooobobobobobooboobooobooboboboono
000000000000000000000 (periodicsignal) 0000000000000 0OOOOOO
030 0007T00000000000000 «(t)0

z(t) = z(t +nT), n=41,+2 43, ...
gooooooood

300 7000000000 27,37,47,...000000000000000000000O000O00000O00O0OO0OO00
ooooooo




gboogbobooobooooboobobobobobbobobobobooobobobobobobobon
gbobobooooobooboooooobobOooboobbooboooooooboooboocooooooon
gboobodgbooboboobobobooboobboobooboobobon T,g,%,...DDDDDD
000000000000 «()000000000O000000o00o0O 2(t)0O

2(t) ~ ag + Z{an cos(nwt) + by, sin(nwt) } (1.10)

n=1

0000000000000 000000oog (1.1)0 ge(t), k=1,2,...0
g1(t) =1, ga(t) = cos(wt), g3(t) =sin(wt), ga(t) = cos(2wt), g5(t) = sin(2wt),...

2
000000000000 (110000000000 (trigonometricalseries)DDDDDDDwE%DD
040
00000000 z(y)0O00O0O NOOODODOOO

N
S’N(t):ao—i—Z{ancos(nwt)—i—bnsin(nwt)}

n=1
00002000 ED0OO000D000000000000 a5, 000000002(t)00000
D000002000000000000000000000000000000000000000[0,7)

T T 2
DDD{—5,5}DDDDDDDDDDDT:lDDDDD (1.6) O gx(t) O cos(nwt), sin(nwt) 00 0O

w

oboooooboooooono

T T
/ cos(nwt)dt =0 / sin(nwt)dt = 0
0 0

r r m=n
/ cos(mwt) cos(nwt)dt = ¢ 2’ N
0 0, m#n
T r _
/ sin(mwt) sin(nwt)dt = ¢ 2’ men
0 0, m#n
T
/ cos(mwt) sin(nwt)dt =0
0

nm=12,...

000000000000 (), k=1,2,...,.NOOOOOODOOOO (L.7)OO0OO0OO0DO ROODOOO

rQOQd
T
/x(t)dt
70
- ’ ! ) 0 / z(t) cos(wt)dt
0o T7/2 0 0 0 0 0,
0 0 T/2 0 0 0 /x(t)sin(wt)dt
R = ’ r— ;
0 0 0 0
0 0 T/2 0 T
0 0 0 0 1T/2 /O x(t) cos(Nwt)dt
T
/ x(t) sin(Nwt)dt
0

‘4w=2r/TOD00D000000000O0ODOOOONOONDONDOOODNDONDONONDONONONONDONONODN f=1/7T0000
gooooooooooooo



00000000000000 ROOOOOO00004,4%,...,%

0000 (11000000 2000000000 ag,b, 00
1 T
ag = — x(t)dt
T Jo
2 T
an = —/ x(t) cos(nwt)dt (1.11)
T J

o T
b, = —/ z(t) sin(nwt)dt
T Jo

gbogboobobboaobodgbgan

000000000O00o00oooUon ay, b, 0000000 (Fourier coefficient) 00000000
(1.10) 0000000000000 D0O0 (Fourier series) 000000000000 O0OOO 2(t)000O
O00000000000000 (Fourier series expansion) 0 0 OO

0 (1.11)0oooooOooooo0o0oU0U0o0o0o0oUoo0o0Uoo0o0oU0oooooDUooooOo™
000000000000 00000000000000000000000 Sy O z)ODOOOOO
goobooobooooobobooobooobooobbooobboooobbooobobooo
oo NOOOOOooObhooooooboooooooboooooboboooooobooooooo
ogoooooooooog

00000000000 O0%@#) 0007000000 [0,7)00000000000000%00000
00000000000000000000000000000O00O0000O000 x(4)0000000
O0000O0N - 0000000000 ¢0000000000 ()000002(¢) 00000 ¢0
DDDDDDDDDDDDDDD%@@—m+ﬂmwnuummmm-

00000000000 (1.7)000D000 ROODDODUDDUOOODOODOO ROUDDUDOOOODOOO
000o0oo00o0U00o0o0oo0oU0oo0U0oO0o000O00D0O0O0DOO0oU0OoLOOoUOoOUOoOO (Lo
0000 ROODOOOOOO gi(t), k=1,2,...00000000000000 g(t), k=1,2,...00
uboboooooooooooboobooobobobobooboobobobobboboboooooo
gboooobooobobuoobuooobbooobuoooboooobb oo oooboboooon
O000o000000 {gx(t) | k=1,2,...3 000000 (orthogonal function system) 00000000
000000000000 000000000000000 (orthogonal expansion) 100000000
0000000000000 (spectrum) 0000

0000000000000 0000000000000000000O0O0ODDOOoOOoOOOoOOSy(t)
000 2(4)0000000M >NDOO Sy() 000000 () 00000000000000000
an,bp, N<n< MOOODOOOOOOODOOOOOODOODOOOO ap,b,,n<NOOOOOOODOO
000o000o0oU0o0o0oo00oO0oU00oO0UOoOULOOoUOOU0D (11)YOoODODUOo MOOOOOO

goobobooboon
N

z(t) = ap + Z(an cos nwt + by, sin nwt) + e(t)

n=1
000000000 (1.11)00000000 2000¢00000000000000000O00O0O0
000000
17 1
fAhWWﬁZﬁ+§§]ﬁ+ﬁ) (1.12)

n=1

S000000000000000000000

62(t) 00000 [0,b) 0000000000000000000000000000000000000 2z(¢)0000000 ¢
00000000000000000000D«(¢)0000000000000000

T¢(t—0)00t00 2(¢) 00000002t +0)00¢00 () 000000000



NOOOOOODOooOoooOooON —codogno

—/ (t)[2dt > ap + = Za +b2)

0000000000000000000 (Bessel’sinequality) 0000000000000 =(¢)0000
000000008 000000000:00000000000S8y(#H)00N —cc000 2()0000
oboooooobooon

x(t) = ap + Z(an cos nwt + by, sin nwt)

n=1

gobobooboobooboobooobo

1
2 _ 2 § 2
*/ dt ao 5 - a +b

00000000000000000 (Parseval’s equation) 0000000000000 0O0OO0OOOO
gboboooooooboooboooboobobob 200000000000 000O0O0OODODODOn
000000000000 0000 (completeness) D000

o00U0oo (1.12)0000o0dm

1.3 Ugoooobooooo

0 (l.10)0ooooooooooo

z(t) ~ ap + Z{an cos(nwt) + by, sin(nwt) }

n=1
O000oo (Euer)DOOO
eiwt_i_efiwt
coswt =
eiwt_e—iwt
ot —
sinw 5
oood
_p =Qp, n=12,...
b =-bp, n=12,...
‘o — ay (1.13)
ey =T Un 4y 4o
2
0oo0oooooooobOoboooooboood.=/-10000
D> e (1.14)
oo0oO (11yoo
I :
ch = — / z(t)e” "t dt (1.15)
T Jo

by,
000000 (1.14)000000000000000000000¢,/0tan"! 20000000000
an
0Ooo0D0O0000O0OO0DO0

goodoboobboooooooooobon
800 () 0000000000 0«x(+) 000000000000000000000000




goo

az(t)+by(t) 00 (1.15)0 2() 0000000

c fal /T:L’(t)einwtdt+b1 /Tx(t)einwtdt
" T 0 T 0

00O00ax(t)+by(t) 000000000x(t),y(t) 000000000000 00000000000
000000000ac, +bd,00 (1.14)0 ¢, 000000000000000000000O0000OO

z(t) ~a i cne™t 4 b i d, et

n=-—oo n=—oo

oooooogoon ae,+bd, OOOO0O0OODOOOOe,,d, DOO0O0O0ODODOOOOOODODOOOO
gboooobooooboobooooboboooboobobooooboooooboaoono

goooano

00 «(t—7)00 (1.15) 0 2() 00000s=t—700000

1 [T ) )
Cn — ?A x(s)e—anJédS . e—anJT

00000000000 2(t)0 000000000 2(t—7) 0000000000000 () 000
00000 e ™™ 000000000000000

gooaoo

00 «(—t)00 (1.15) 0 2(t) 00000s=—t00000

I : I
T/o x(—t)e "tdt = T/o z(s)e WS = ¢,

good

gboooobooooboboo

00 «2(#)000000000000000000000000000000000000000 700
000000 -7/200 T/20000000 000 7T000000000000000000000000O
0(1.11)0002(¢)00000000a, =0, n=1,2,..00000000b,=0, n=1,2,...0000
0000000 (1.13)000000000 ¢u, n=+1,+2,...002()00000000Re[e,] =000
000000Imfe,]=00000

0000000000000000000000000000000000000000000000
00000000000000000000000000000000

gobobooboobooboobon

00000000000000¢ 00000000000000000 T/n00000 &™t0000
00000000000000000000000000000000000000000 (frequency) O
000000000000 0000000000000 (H))OOUOOOUOO0OOUOOe, 00000 n/T[Hz



00000« 00000000000000000 »n/T000000 (frequency component) 0000
ooooooboooobooobbooobooboooDoooooDbooboobboooboooon
bbb oo oo oo boooon
gooooooo
gooooboboooobboobbuobbobboobb oo uoobooboboboo
goobogoboooooooobooubbooobooobooobooboboooboobbooobobon
oo oboboboobobbbobboddoooooooooooooo oo
oo ooobboodoooooooob.oooooooooooon
Joddooooooooooooboobobobobobobbboboboodoooooooooooooo
gooooooood
goobbooooboobbooo bbb bbb booon
0oo00oooooooDooooooooooDoooooDo0DOoDo0noonDoong 2kHzO0000
gooooooooboodddddoob oo ooooooon
Joodooooooooooooobooooooooobboooooon

1.4 OOO4QOoo

00000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000
0000000000000 00000000000000000000000000707T —»o0o00
0000000000000000000000000000000000000000000 (1.15)0
0D000+0 - 0000000000000000000000 (L14)00000T=22000000
000 [-7/2,7/2)0000000000000000 “

x(t) ~ Z {;‘;/T/Q x(T)em“’TdT}em“’t

n=-—00 -T/2

2
goooog TaooDDDw:%ﬁODDDDwD AwOO00000000

1 [T/? o0

a(t) ~ — x(T){ > ei(tT)"A“Aw} dr (1.16)

2w J 12

n—=—oo

obooooooooooobo
/_Oo f(x)dx:Alirgon:Z_m f(nAz)Ax

O0000000o0o0oooo (1.16)00000T o0 0000 Aw— 00000000 {-}000

o0

lim ei(tf‘r)nAwAw _ / ei(th)wdw
Aw—0 n oo

=—00

O0oooooooo (11600

x(t) >~ % /Z{/Z x(T)efide}eM dw (1.17)

00000 (1170000000000 (Fourier integra) 0000 000000TO0O00O0OOOOO
2
goboboooboobgg w:%EIElElDDDDDDDDDDDDDDDDDDDDDDDD

10



O00z()DOOOODOODODOOOOOO (—c0,00) 000000000000 O0O0OOOODOOOOOOO
ooooo

00:000000 00000000000 (—o0,00)0000000000 «(t)000000000x(t)
1
0000 ¢t002(#)000000000+¢00 ;{z(t-0)+2(t+0)}000000

00:000000000z() 00000000000 (—c0,00)000000000002(¢)00000
mDDDDDDDDDDDam—mmmmmmmxmﬁnﬂﬂnnjgum—®+x%+onmmmm
#(te)000000000«(#) 000000000« 00000000000000000000000
+(t)000000 (1.17)000000000000000000000000000000000000
000000000000000000000000000000000000000000000000
0000000000000 00000000000000000000000000000000000
0Doooooooo

000000 (1.17)0{ }0o0

‘wm:/mumﬂmﬁ (1.18)
000000 (1.17)00
o(t) = % [ X (w)e ! du (1.19)

000000 (1.18)0 2(t) 0000000 (Fourier transform)00 (1.19)0 X(w) D 0000000 (inverse
Fourier transform) 00000000 X(w) = Flz(t)]0z(t) = F X (w)) 000000000 X (w) O z(t)
0000000000 (Fourier spectrum) 00 0000000000000 0 X(w)OOOOOODOOOO

0 Re[X (w)]0Im[X (w)]000000000|X(w))?=X*(w)X(w)DOOODODODOOOO (power spectrum)]
|X(w))DOOOOOOOO (amplitude spectrum)d ¢(w) = tan~! (Im[X (w)]/Re[X(w)]) 00000000

(phase spectrum) 0000000 X(w)0 2() 00000000000 000000000000000

gogooobbobooooooobbbbooooooboo

1.5 U0oooobod

gobobooboobogogad

O0070000000000000OO0000DOO0z(y)ODOODDODOOOODO (1.18)00
T .
X(w):/ x(t)e it
0

2
EJEJEJle]EJDDDDDDDDDDDDDDDDDDDDDDDDCE%DDDDDDDDDDD@)EHC
good

X(nC):/O x(t)e”nStdt

000ooOooooo (1.1) 0 wO ¢O00ooooo

I :
Cn = ?/0 x(t)e MCtat

%2(t) 000000000000 [ |a(t)| dt<oo 0000000000

11



(@)
Fourier Series C1 OC]C
C.

/\/\/\/\/\_> e
|

-T2 T/2 t C=2m/7 o
(b)
x(t) Fourier Transform X(0)
—_
1 \ -
-T2 T/2 t

012 0000000000000000 serO trn.eps

gobobobobooooboobobboboobooobg

1
Cp = TX(nC) (1.20)

000000000000000000000000000000000000000000000000
2

0oooo qzﬁmeDDUTDDDDDDuammmUJQDDDDDDDDDDDx@DDDD

0000000000 X(w)0OOO0OO0O0O0O00000000000000000 (0 1.2)0

x(t):% > X(ng)em! (1.21)

n=—oo

goo

00000002000000000 azx(t)+by(t) 0000000000 (1.18) 0 x(t) O ax(t) + by(t)
0000000000

Flax(t) + by(t)] = aFlx(t)] + 0F[y(t)]

gbobobbooobuooboobobboboob

goooog

O0z(t)JOOD0O0O0O0OO0O0OO0 2(—t) 0000000000 (1.18)00000r=—t000000
ooo

/ T a(t)e it = / T (e (Z1)dr = / " (e O = X(—w)

J —00 J 00 —00

goboboobooboobooboobbon

gooaoo

00 2(t) 00000 a(>0)00000 #(et) 0000000000 (1.18) 0 #(t) 0 z(at) 00000
r=a000000000

° ; 1 [ Jw 1
/ z(at)e”“dt = 7/ x(r)e " e Tdr = fX(g), a>0
a

a a

— 00 — 00

12



O00000000x(at), e<0000000000

e - 1 [ w 1 /w
—iwt — _ = —iET — _ = e
/_OO x(at)e™ " dt " /_OO x(7)e dr aX (a)’ a<0

ooogoooooooooooo
1 w

Flz(at)] = — X (f) , a0

ol \a
00000000 «0000000000000000000000000000000000 1/e000
000 1/le|D0000D00O00O0ODOO0ODOO

goo

0(119)00000t0 wODOO0O0OD0000wO0O00 —wODOOOO
() =5 [ X
T w_271' . e
00000000 (1.18)00oo0ooo0ooooooooooo
FIX(t)] = 2mz(—w)

0000000 z(t)02000000000000000000O0O0ODOOOOOO02r 0000000
00000O0000ooO00oUoo0oUo (Dobo)oooo

gboo,ooogoaoo

00 «() 000000 00000000 2(t—7)0000000000000 (1.18)0 z(t) 0 z(t—7)
oooooooo

Fla(t—71)] = /OO x(t —7)e”“idt

— 00

000000000 DbO0oDDOO0OD0Dt—7r=€£0000
]—'[x(t—T)]:X(w)e_iw

gobooobooooboobdg rOO00obO0o0oDbOo0obOo0obbobobooboobDboobooobo
O000e " 0000000000
0000000000000 X(w)0¢O0U0O0000 X(w—¢)UODOOODDOOOO

FX (@ = ) = al0)e

obobooooooboobobob ¢obobobobobooooboobooobooboboboboboo
000000« 0000000000

good

0000o00000oO0o0oUoo0Oo (119)yooootooooooo

%x(t) = %/ iwX (w)e™? dw

— 00

13



0000000000000000000000000000000
FlLat)| = iwx(w)
—T = w w
dt

O0000«() 0000000000000 0000DO0000DO00ODO0O00O0O00wOOOOOO
ooog

oo

00 z(t)0000000000 2*(#)0000000000 (1.18)00000=x(t)0 «*(#)000000
0oooooo
Fla*(t)] = X" (—w) (1.22)

0000000000000 2x(t)000000000000O0O0OO0OOO0OOOODO0OO0OOODOOOOO

OO0 2zx(t)0000000000O0O0

00 #(t)00000000002%(¢) =2() 000000000 (1.22)000X(w) = X*(—w) 00000
00000D000000000000000000000ReX (w)] = Re[X(—w)]0Im[X (w)] = —Im[X (—w)]
0000000000 «(+)0000000000000000000000000000000000000

O02()0000000000000O0O0O0OOOO0

00 «2¢+)000000000000000O0000O0O0ODOO0OOOOODOOOOOO efi“’t:COS(wt)f
isin(wt) 000
Re[X(w)] = / () cos(wt)dt

—OQ,

= /000 x(t) cos(wt)dt
X (w)] = - [ (1) sin(wh)dt = 0

gbobooooooooooboobooboboboobooboobobo obobobobobooboobon
oboooooooooooboobobbonDg

gbooooood

00000000000 (-00,00) 00000000000 2z()0000000O0O0O0ODOOOO

[ wora= o [ xepa

oo 21 J_ o

gooooo

gooaoo

00 x(t), y(t), () 0000000000000 X(w), Y(w), Z(w)0DOOOOOODOO0OOOO0O00O
00000000000000



goooooooooooooooooooooooo x(t),y(t)DDDD
oo . oo .
Z(w) = / 2(t)e=td - / y(t)e—tdt
—oco —00
go0ooogogoooooooooooo

z(t) — {/ x(tl)e_“’tdtl-/ y(tl)e_“"tdtg}el”tdw

— 00

2 J_ o
/ / x(tl)y(tg){— / ew(t’(“*m)dw}dtldtg (1.23)

21

[ (t (t t!)) = e iw(tl‘f’tg)

gobboobgoobooboobon

(oo}

1 , ,
6(t = (t1 +t2)) = %/ e~ iwtitta)giwt g,

— 00

0000000 (1.23)000{ - }0000000

z(t):/ / 2(t)y(t)8(t — (11 + t))dtrdts
goooooootx+t,=7U000000000O00O00O00O00O0O00O0O0O0O0O0OOOOOOO0O

A1) = /OO 2(t)y(t — t)dt

— 00

000000000000000000000O000 (convolutional integral) 000000000000
ooogd

oo

x(t) xy(t) = / z(T)y(t — 7)dr (1.24)

— 00

00000000000 2000000 2(¢)=«()y(t)000000000

Fle(e)y(0)] = 5-X () * Y (@)

oood
0(l24)00000t—-7=0000000000

2(t) * y(t) = — /_Oo y()2(t — o)do = /Oo y(@)a(t — 0)do

o0 — 00

0000000000000 0000000000000000000000000000000000
2(t) = az1 (t) + bro(t) 000000 (1.24) 00

2(t) = a{m(t) * y(t)} + b{xg(t) * y(t)}

0000000000000000«x(¢)0000000000000000O0O0OO0ODOOOOO0OOOO
O00y(y)O0O0O0O0O0O00OO0O0oooooon

15



011 000000000000

0o 0000000 |00000000
ooo ax(t) + by(t) aX(w)+bY (w)
000000 | z(-t) X(—w)

1 w
000000 | z(at) Wﬂxcﬂ
ooo X(t) 2z (—w)
ooooao o(t—7) X (w)e 7
000000 | z(t)e’! X(w—0)

d .

oooQ %x(t) iwX (w)
oo x*(t) X*(—w)
O00oooo | () *y(t) X(w)Y(w)
0 #(t)y(t) =X () Y ()

X(@) = F()], V@) = 7] 0000

gobobooboobodgogad

00000000000000000000000 1.10000000000000000x(t),y(t)0
00000000000 X(w),Y(w)OOOO

00300000000000 2() 0yt 0000000 z(t)+y(t)000000000000000

T, <T,0000
0<t<T)

1

0, others
1 0<t<Ty
0

others

1.6 UOOOOooon

gbooooboooobooboboooobooogd

oooooao

00000000000,t#000000006¢=0000,00000000000000000
00 «z(t)0D000,

/_ T satdt = 2(0)

/_ Z shydt =1

00000 6000000000000 D0O0O0O0DIrac0000O0OO0OOODOODODOOOOOODOOD
J(tyDOODOODUDOooOoOOooo (1.18) 000

fW@ﬂ=1K%5@N_WWt=1

16



OO0O0OOMapleDOOOODOOOODOOO

> int(Dirac(t)*exp(-I*w*t),t=—infinity..infinity);
1

gbooooboooooooboooooon

> with(inttrans):
> fourier(Dirac(t),t,w);

1

obooooboooooboobobooobooboobooboobooooobooon

good

ooboooooogobooboootoboob1goooboooooooooboooooboobooooog
O000oO0o0o0ooO0o0oooo0oUooD (boo)ooo

F[1] = 2w (w)
OO00O0OMapleDOODOOOOODOOOOO

> fourier(1l,t,w);

2 Pi Dirac(w)

gbooooood

0000000000000 46,(t)0

5:(t)= Y 6(t—nr)

0ooo0ooooooooo,éo()000000000000000Uo0oDoO0oDoUooUoooUo
2

goooono TDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDgE—WDDDDDD
T

0000000 é()000000oo0oooooooooo

gobobooboobuoobuoobobbobbobooboobuoobobbobobooboan

1 — oo .
- Z / ezn&te—iutdt
T )

n=-—oo"

Ly / T i)t gy
T oo

n=—oo "

Flo-(t)]

(o9}

= 2% Z 0(w — né)

n=—oo

= &) Sw-nf

n=—oo

— oe(w) (1.25)

2
— 00000o0ooobooo
-

oboooooooooobobobooobobooooobooo ¢e=

17



goo

00000000000 P()0000O00O0O0DOO0O0OUODDOOO

1 fi t <
Po(t) = , or [t| <7
0, others

oo00o0oo P(y)00000000DODOOO0DOOO0OODOOOOOOOOODOOOO

FIP.(1)] = 2sin(nu)

= 2 3]
" Tsine(rw)

000000000000 sine(x) 0000000 (sampling function)D 000000000000 0O0O

sinc(z) = sin(z)
T
Maple DO ODOOOOOOODOO
> x:=Heaviside (t+tau)-Heaviside(t-tau);
x := Heaviside(t + tau) - Heaviside(t - tau)

> simplify(fourier(x,t,w));

sin(tau w)

gooono
gooon
x(t) = ésimc(ft), £>0
T

0000000000000
X(w) = Pe(w)

OO00O0MapleDOOODOOOOODOODO

> simplify(fourier(sin(xi*t)/(t*Pi),t,w)) assuming xi>0;

-1 + Heaviside(-w + xi) + Heaviside(w + xi)

10000

1000000ggo
x(t) = exp(—at)u(t), a>0

gbobobobooboodgbooboobobobob

OO00O0OMapleDOOODOOOODOODO

> fourier (exp(-a*t)*Heaviside(t),t,w) assuming a>0;

18



20000

2000000000
x(t) = texp(—at)u(t), a>0

gboooobooboobobooboobooon

O0O0OMapleDOOOOOODOODOO

> fourier (t*exp(-axt)*Heaviside(t),t,w) assuming a>0;

googooboooog

oooooooog
x(t) = exp(—alt]), a>0

oooooooog
2a

X(w) = o

O0O0OOMapleDOOOOOODOODOO

> fourier (exp(-a*abs(t)),t,w) assuming(a>0);

2000000

200000000000
x(t) = exp(—at) sin(&t)u(t), a>0

googon
x(t) = exp(—at) cos(&t)u(t), a>0

googoboobooboobooboboon

_ €
YW =trorre
gooono
X(w) = a+ &

(a +iw)? + &2
O000OMaple0ODOOODOODODODOODOOOO

19



> simplify(fourier (exp(-a*t)*sin(xixt)*Heaviside(t),t,w)) assuming(a>0,xi>0);
xi

(a-Ixi+Iw (a+71xi+T1Iw

> simplify(fourier (exp(-a*t)*cos(xixt)*Heaviside(t),t,w)) assuming(a>0,xi>0);

a+Iw

(a-Ixi+Iw (a+1Ixi+1Iw

20000000000000

20000000000000
z(t) = exp(—at?), a>0

googooboooog

OO00O0OMapleDOOODOOOODOODO

> fourier(exp(-a*t~2),t,w) assuming a>0;
2
Pi W
sqrt(----) exp(- 1/4 ----)

a a

nUO00O0

n—10000000

' exp(—at?)u(t), a>0, £>0

gbooooooboo

Ob0O0OOMapleDOOOOOODOODOO

> simplify(fourier(t~(n-1)/(n-1) !*exp(-a*t)*Heaviside(t),t,w)) assuming(n::posint,a>0);
(-n)

(a+ 1w

ooo

gobooboaod



012 000000000000000

x(t) F(w) = Flz()]
o(t) 1
1 270 (w)
6-(t) §o¢(w), (§=2m/7), 7>0
P, (t) QSIHS—W) = 27sinc(Tw), 7T >0
%sinc(ft) Pe(w), £€>0
e Yu(t) ! —, a>0
a+ zlw
te—(ltu(t) m, a>0
e—alt _2 50
a? + w?’
e*at Sln(ft)u(t) m, a>0
e~ % cos(&t)u(t) at i a>0

efat2 zef“ﬂ/zm, a>0
a
gl —at (t) 1 >0 cZ
e “u ., a y I
(n—1)! a+iw)" ’
1
242 Ee—a\wl, a#0
a a
Cgs—f—bil 21(e—a|w—b| + e—a“’-"f'bl)7 a 7§ 0
a a
sin(bt) T —alw—b| |wo-+b]
e alw _ aljw , 0
a? +t2 2ai (e ° b o7

OO00OO0OMapleDOOODOOOOODOOOOO

> fourier(1/(a"2+t"2),t,w) assuming(a>0);

exp(a w) Pi Heaviside(-w) exp(-a w) Pi Heaviside(w)

> fourier(1/(a"2+t"2),t,w) assuming(a<0);

exp(-a w) Pi Heaviside(-w) exp(a w) Pi Heaviside(w)

gbobooooboooobooobooobooboobooboboobooboooooooooboobboobooOo 1.2d
obooooog

21



20 UOootdod

2.1 OJOO0oon

goooog -
X(w) = / z(t)e ™t dt

— 00

000000000 wO00000000000000 s=0+wd0O0O0O0z¢)Ot>0000000
ooooog

X(s) = /Ooic(t)e—st dt (2.1)

00000000000 0000000000000000000000 (Laplace transform) 0 000
X(s)=L[z(¢t))000000000000s000000000000000000000000 (t), >0
0000000 Llz#)]0000 s=s,000000000Re(s) > Re(sp) 10000 s0000000
0000000000000000 Re(s)>a00000Re(s)<e000000000000 0000
0000000 0 2(t)0000000000000000Re(s)>e¢000000000000000
0D00O0z(t), t>000 X(s) 000000000000000000000000000O0O0O0000OO0
0000020 X(s)0000X(s)0 z()000000

00000 2()0000000 X(w)0OOOOOO X(s)00000000000000000000
X(s)00000000 (iw, —co<w<o0) J000000000s=iw00000000000X(s)
000000000000000000 X(w)0O0OOOOOOO000000 X(s)00000o0oooo
00000000z()00000000000000000«(+)0000000 X(w)0OOOODODOOO
000 Re(s) >00000000000 X(s)00000000000O0O

000z (t), 22(t), t>000000000000000000

Llz1(8)] = Llza(1)] (2.2)

O000x(#)0 2(¢)00000000000O00ODO0O0OO0OO0OOOODOOO0OOOOOOOD
OO0 X(s)UOOOO=«2(+)ODOODODOOODOOODOOOOOO0O0OO0O0OO0OO0O0OO0O0O0000O0O0 (inverse Laplace
transform) D00 D x(t) = £71X(s)] 0000000000000 Bromwich 000000000

o+i00
x(t) ! / X (s)eds (2.3)

2mi o—100

gbooodgbobodobebboboobdoboboboooboboboboboboboboboon
gobooobobgoobooboobooboobobooboooboooboobboboboobbooobo
obooooboooooboboobooboooobooooooobn

22



22 0JOO0OO0OOODOO0

uoo

z(t), y() 000000000000 X(s), Y(s)00OOOOD0O000az(t)+by() 000000000

Llax(t) + by(t)]

/Ooo(ax(t) + by(t)) exp(—st)dt

a /00 x(t) exp(—st)dt + b/oo y(t) exp(—st)dt
0 0
aX(s)+bY (s)

gobogboboooobooboobobboboobo

gooaoo

00 «(¢)00000 o(>0)00000 2(et) 00000000at=r000000000

Llz(at)] = /000 x(at) exp(—st)dt = /000 x(T) exp(—ST/a)idT = %X(s/a)

good

sOuogogg

z(t)00000000 X(s)00000000
X(s) = /OOO 2(t) exp(—st)dt
0000000000 sO0s—-e0000000O0O
X@a)tAwMUMM@aﬁMtAM@HWMMUMmKsﬂﬁﬁbm@ﬂﬂm

oood

toogoao

O0«2t) 0000000 «0000000000000000000000O000000x(t), —a<t<0
gboboooobooboobod:>0ob0boboooobooooboboboobot>o0o000000b0O0DbDOn
0000000000000 00000000000D0O0000D 2(t) 0000000 eODO0OOOOO
ggod

xz(t —a)u(t — a)

O0000000Owu(t) 00Heaviside 00O OO0

1, t>0
u(t) =
0, t<0

0000z(t—a)u(t—e)0000000007=t—-«0000000000000

Clelt— ault—a)] = /Ooo o(t — a)u(t — a) exp(—st) di

23



/jo x(T)u(r) exp(—s(r + a)) dr

= exp(—as) /000 x(7) exp(—sT1)dr
exp(—as)X(s)

000D000002(¢)0000000 X(s)0 exp(—as) 0000000000

ooo
00 z(t) 0000000 /() 000000000
L) = / o/ () exp(—st)dt
0

= o) exp(—st)] + 5 /0 " o (t) exp(—st)dt

= —z(0) +sX(s)
00002000 2"(t) 000000

Llz"(t)] = —2'(0)+ s(Llz'(1)])
= —2/(0) + s(—2(0) + sX(s))
= —2/(0) — sz(0) + s>X (s)

O000000000R000 2™@¢) 000000000
Llz™ ()] = "X (s) — 8" Lz(0) — s" 22D (0) — - - - — 5272 (0) — 2 V(0)

good

oon
t
x(t):y’(t)DDDDDy(t):/z(T)dTDy(O):ODDDDDDDDDDD
0
gooooao

good

gooono

gbooooooooo

ugbobdsggbooobab

24



gooooo

goooooooooood nO00oooooo
X (s) = / (1) (=)™ exp(—st)dt
0

Dooooo
L{(=t)"z(t)] = X"(s)

gbooooooooo

gooono

+()0000000 X(s)0 sO00 4000000000000

| x@ae = [ [T atexni-ot) it do

_ /0 "0 /Swexpmt) do dt

= /000 exp(—st)@dt

-

0zt)/t0000000000000000

good

z(t), y() 000000000000 X(s), Y(s)000OO0O0O000000000000 X(s)Y(s) OO
0000D000¢t000000000000 r>00000

o0

exp(—78)X(s) = /OOO x(t — T)u(t — 7) exp(—st)dt = / x(t — 1) exp(—st)dt
googoooo -
X(s)Y(s) = X(s)/0 y(7) exp(—sT)dT
ggooobooboooooo

X(s)Y(s) = /000 /OO y(T)x(t — 7) exp(—st)dt dr

oboooobooooooboobooooboooooooboon

X(s)Y(s) = /000 exp(—st) /Ot x(t—7)y(r)dr dt = L [/Ot x(t — T)y(T)dT]

gooooooo .
z(t) x y(t) = /0 z(t — 7)y(r)dr

obt>0000000000000000DO0
gbbooboooboooooboooobobobo 21000000

25



021 000000000000

EC | X(s) = Llz()]
000 ax(t) +by(t) | aX(s)+bY (s)
o0 z(at) %X(Z), a>0
s000000 | e*z(t) X(s—a)
t00o00o00 | z(t—a) e "X(s), a>0
2(t + a) €95 X (5) — oo / e~ta(t)dt, a > 0
000 (M) (1) s"X(s) — s"‘la?(O) — 5" 22(0) — -+ — 2("=1(0)
! 1
000 / x(r)dr -X(s)
0 s
ooooo (—t) (1) X (s)
(t) =
ooooo — /& X(o)do
oooo x(t) xy(t) X(s)Y(s)

23 O0OO0OOOOoOO

0000000000000 00O00ooOooooUooooooz(l), t<00DO0OO0OOOO

gooooao

gooogbood

oooooooon -
X(s) = / 5(t) exp(—st)dt = 1
0

OO0O0OOMapleDOOOODOOOOODOOO

> int(Dirac(t)*exp(-s*t),t=0..infinity);
1

0000000000000 O0Dirac00000000000O0O0OMapledO0ODirac(t)0000000O
gbooboooboooooboooobooo

> with(inttrans):
> laplace(Dirac(t),t,s);
1

gboooobooooboobooooboboooboobobooooboon

good

oood

26



goboboboobds>o000000
> 1 o1
X(s) = exp(—st)dt = ——[exp(—st)|q° = —
0 S
O000OMapleOODOOODOODODODOOO

> int (1xexp(-s*t),t=0..infinity) assuming s>0;
1/s

s>0000000000000000000O00Db00000DbO0

gobooboaod

gboooooobooo
xz(t) =t

gboooobodbs>o000000

X(s)

/Oootexp(—st)dt = /000 t(—é exp(—st))/dt

1 oo <1
[—Etexp(—st)]o —/0 —;exp(—st)dt

= / —exp(—st)dt = —/ exp(—st)dt
o $Jo

gbobooooboooboboboboooooooobooboboboboooooobobooooon
OO00O0OMapleDOODOOOOODOOOOO

> int(t*exp(-s*t),t=0..infinity) assuming s>0;
1

2

S

gbooooooooo

nUO00O040004dn
z(t) =t"
gogboogboobboobooboobbobboboboobobooboobooboobboDbbo

n!

X(S):Snﬁ,

s>0

gbooboooooobobboboboboboboboboboboooooboboboboooooo
OO0000O000oobO0O0o00DOo0o0o0DOOMaple000O000DODOOOODOODO

> simplify(int(t n*exp(-s*t),t=0..infinity)) assuming n::posint, s>0;
(-n - 1)
s GAMMA(n + 1)

O0O00ODGAMMAOOOOOOOOOOOOUOOO 0000 (n+1)=nl0000
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100000gd
oo
x(t) = exp(at)
gobobbodbOs>aeb 0000
1

Ss—a

X(s) = /000 exp(at) exp(—st)dt = /000 exp(—(s —a)t)dt =

gbogobobooboboooooooooobobobobobsgobobobobobobobobobobo
Maple O OO OOOO0OOOOODODO

> int(exp(a*t)*exp(-s*t),t=0..infinity) assuming s>a;

s>eU000000D000DO0O0DOO0ODOODODODOODDOOO

20000000

o
x(t) = texp(at)

gobobbdbOs>aeb 0000

X(s) /Oootexp(at) exp(—st)dt = /000 t(_s i - exp(—(s — a)t))/dt

—tep(-s—an] - /Om — L exp(—(s — a)t)dt

0 s—a

/0 exp(—(s — a)t)dt = /0 exp(—(s — a)t)dt

s —a sS—a

1 1 1

s—a s—a (s—a)?

gbobooooboobliobobooooooboooooooboooooooooooobooboooboboooboon
gbobooogboboboboboobobooboboboobobbosboboboobooboboonoo
OO00oO0OOMapleDOODOODOODOODOODO

> int(t*exp(axt)*exp(-s*t),t=0..infinity) assuming s>a;

n+10000000

oo
x(t) = t" exp(at)

28



gobogoboogo20b00oboobooboooobuooboboobobooboobooobooboon

s>al00000
n!

(s —a)ntl
gobooooooooooooooobooooobooboooobosboooooooboobooooobboooo
OO0MapleOOOOODOOOOOOOOO

X(s) =

> simplify[power] (int (t n*exp(axt)*exp(-s*t),t=0..infinity)) assuming s>a, n::posint;
(-n - 1)
(s - a GAMMA(n + 1)

2000040004, 000

gbooooboooobooboooobobooooog

exp(iz) + exp(—ix) exp(ix) — exp(—ix)

cos(x) = 5 . sin(z) = %
Jo0ooogoooooooooouooooods>0o0obooobooooo
s w

Llcos(wt)] = — Llsin(wt)] = ——=

fcos(wt)] = 5y, Llint] = oy

OO0000O0OMaple0DO0OOOO0DOODOOODODOO

> simplify(int(cos(w*t)*exp(-s*t),t=0..infinity)) assuming s>0;

goboaoo,boobod

gboooobooooboboooobooboooobobooooon

exp() + exp(—a) exp() — exp(—a)

cosh(z) = 5 , sinh(z) = 5
ggodobobbboodoooooobobobooboboobood
s _ a
Llcosh(at)] = 5—, L[sinh(at)] = 5——

S a s —a

OO0000O0OMaple0DO0OOOO0DOODOOODODOO

> simplify(int(cosh(a*t)*exp(-s*t),t=0..infinity)) assuming s>a, a>0;

S

29



2000000

goboobobgooboboooboobbooboobboobboooboobobooboboooboon
Ubsb0ooboboooboobooooobooog

s—a

Llexp(at) cos(wt)] = oot

Llexp(at) sin(wt)] = m

OO0O0O00O0OMapleDDOOOOO0ODOODOOOODODO
> simplify(int (exp(a*t)*cos(wkt)*exp(-s*t),t=0..infinity)) assuming s>a;

S — a

s - 2sa+ta t+w

> simplify(int(exp(a*t)*sin(wkt)*exp(-s*t),t=0..infinity)) assuming s>a;

s - 2sa+ta t+tw

googoboon

t>000000000 000000000

0, (t) = Z §(t —nr)

n=0
goobooooboboooobobbooobb oo rogbboooooo

1
1 —exp(—7s)

L[6-(t)] = Zexp(—nrs) =

n=0

ooooogoOMapleDODOOOODOOOOOOOO

> laplace(sum(’Dirac(t-n*tau)’,’n’=0..infinity),t,s) assuming s>0, tau>0;

undefined

1 - exp(-s tauw)
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0220000000

x(t) | X(s) EEEE

o(t) 1 all s

1 %1 0 < Re(s)

t 2 0 < Re(s)

" (n=1,2,...) s:{!fl 0 < Re(s)

et o Re(a) < Re(s)
te®t G ar Re(a) < Re(s)
e (n=1,2,...) G _7;!>n+1 Re(a) < Re(s)
cos(wt) - £w2 0 < Re(s)
sin(wt) - " e 0 < Re(s)
cosh(at) o a < Re(s)
sinh(at) R a < Re(s)

e cos(wt) (S_Saiﬁ a < Re(s)

ealt sin(wt) W a < Re(s)
?(sm(wt) — wt cos(wt)) W 0 < Re(s)

o sin(wt) (32‘1"7‘”2)2 0 < Re(s)
d-(t), t>0 = all s

undefined 000000000000 0OO00O0OO OO
“+a
/ o(t) =1, a>0

obooooooboooboobobooboobooogboobboboobobbOOobOobobooooboonoo
gbbooboobooboobobooboobooobog 220000

24 0JUO0O0OOooOo0

0000000000000 b0000BromwichJODOOOOODO

o+i0o
x(t) L/ X (s)exp(st)ds (2.4)

T omi )y
0000000000000 00000000000000000000000000000000000
00000000000000000000000000000000000000000000000
0000000000000 0000000000000000000000000000000000
0000000000000000000000000000000000
0000000000000000000000000000 f(:)00000 CO00000O000DO
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goooooboo
f f(z)dz = QWiZRes f(2)
c

O000O00O0O00Res f(z2) 00f(,)000000000000000000 CO000000000 f(z)
000000000000000000000X(s)exp(st) 000 o+ Rexp(it),t =x/2 — 3x/2000
000 R—oo0000000000000 (24)00

o-+100
z(t) = L/ X (s)exp(st)d 2#2% X (s)exp(st)ds (2.5)

2mi o—100

oooooooooooooboooooooboooooobo coo
o+ it,t =—00 — 00, o+ Rexp(it),t =7n/2 — 31/2
0000000000000o0ooUoO00 (250000 COO000DOO0OOO0OOOOOOO

= Z Res X (s) exp(st) (2.6)

|
DDDDDDDDDDDX@%:T—%mjDDDDDDDDDDDDDDDDDDDDDDDDDfU
P

Oz=20m000000000 z=20000000000

Res,—., f(z) = ﬁ ZILIEO ((z — Zo)mf(z))(m—l)

|
DDDDDDDX(S):(nﬁDDS—aD n+1000000000000000000000000
s—a)”

! 1
x(t) = Resg=q r exp(st) = lim — (n!exp(st))™ = t" exp(at)

(S — a)nJrl s—an!

oboooobooooobooboboboo22000000000000000O00000
obobooooooooboooobooboobooooboooooobooooboooDooooDoobDOooDOooDo
gboooooboooooboobooooboooooobOooboooooboooboooobOOoboooooboooo
oboooo0sOoooooobob 22000000000000000000D0000DO0O0DODODODOODO
gbooooooboboooobooboooooboobobobobooboobobooobotboboobooonoo
oboooooboooooboboboooboooboobobooooooboon

gooooodg
3s
X(g) = — 22
(5) s24+25—8
00000000 2() 0000000000000 ODOOOOODOOOO
3s
X)) = —u——
(5) (s=2)(s+4)

gbobobobooboodgbooboobobobob

3s A n B
(s—2)(s+4) s—-2 s+4

oooooA,pO0OOODOOOO00OOO200000000000CC0ODOO0O0OODOO s—200000

ooo
3s :A+B(S_2)
s+4 s+4

Ub0s=200000000000



0ooob0odbDs+400000s=—-400000
B =2
gobobooboobooboobooboboobooboon

3s A(s+4) B(s—2) (A+B)s+4A—-2B

(s=2)(s+4) (s—2)(s+4) (s—2)(s+4) (s—2)(s+4)
b0b0sOb000bo0oboobobobooboobboobooboooboobo
A+B=3, 4A-2B=0
ooboboboobooobooobooobooooo
A=1, B=2

gboooooboooobo

oboooooo 220000
x(t) = exp(2t) + 2 exp(—4t)

OOo0b0O0OOMapleDODODOOODODODOOOODODO

> x:=invlaplace(3*s/(s-2)/(s+4),s,t);
x := 3 exp(-t) (cosh(3 t) - 1/3 sinh(3 t))

> simplify(expand(convert(x,exp)));
exp(2 t) + 2 exp(-4 t)

oo0ooboooboooboodbbOinvlaplaceD 0D O00OO0O0OOOO0ODOOOOOOOOOOODOOODOOO
gboooobooboooooobobo

gooboooobooooo
—4s+ 10
X(s)= 22
00000000 2()000000000000O0O0OOOOOO0O
“4s£10 A B
(s—2)2  (s—2)2 s5-—2

0000000 (s—2)200000s=200000

A=2
000000000 (s—2)200000s0000000
B=—4

goboboooobgo

2 n —4
(s—2)2  s—2
000000000000D0¢+00000000 1/s20000000s0000000000000000
oo

X(s) =

x(t) = 2texp(2t) — 4dexp(2t) = (2t — 4) exp(2t)

OO0000O0O00ooO0o0oboOO0OMaple0DDOOOO0ODOOOODODO

33



> x:=invlaplace((-4*s+10)/(s-2)"2,s,t);
x = (2t - 4) exp(2 t)

goobooooooooobo0ooboobobo0ooboobDboobooOobo0obDoOOoooDobooon
goooooooood
11 Pon i)™

m=1
0000Pu(k,) 000000k, O s0000000000000P,,(k,)" 0000, 000000
goodoboboobooooooobobbbooooobbobobooooobbbooooooo oo

oooo0A4,,;0000000000000000C000O0O00O00O00O00000O0O0C00O0O00O0O00O0
oboooooboooooboboboboobobobooboobooooobobooooon

25 (JUUbbobuobooobobbuouoooobobod

d
O0z(t) D nO00O00O0ODOOOOOOOOO 2.1DDDDDDDDDDDDDDDDDDDDDD(#—TL:E(L‘)
oboooooooo

L’[jTT;x(t)] zs"X(s)—x(+O)s"_1—%x(+0)sn_2—-~-—j:lem(—i—O) (2.7)
gob0dsObooooooboooooooob oo oooooobsuooooon
gooboooooobobobobobooooo0obobobDoboDooLoUbOoboboboooooo
gooooood

0000000000000 ()00 000000MOO0ODO0O0OOU0D kO0D0OO0OO0OOOOOOO
O00000«x()0000000O0O

ma” (t) + kz(t) = 0 (2.8)

0000000000000 000000oO00o0oDD0oD02(e) 00000000 X(s) = Llz(t)]
gobobooobooobgoogod

m{sQX(s) — s2(0) — J/(O)} FEX(s) =0 (2.9)
DDDDX(S)DDDDDDDDDDDD

X(s) =

x(0) + (2.10)

x(t) = z(0) cos(\/gt) + ?(%) sin( %t) (2.11)
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[k

oooooooooboboooooo ]/ —0O0O000000DO0O0O0000O0OMapled00ODODOODOOOO
m

OO0000O00O00 DEteolsOODODOOOODOOOOODOOOOODOdsolveOODOOOOOO

> with(DEtools):
> ode:={m*diff (x(t),t$2)+k*x(t), x(0)=a, D(x) (0)=b};

/ 2 \
ld I
ode := {x(0) = a, D(x)(0) =b, m |--—- x(t)| + k x(t)2}
Il 2 |
\dt /
> dsolve(ode);
1/2
1/2 k t
b m sin(------ )
1/2 1/2
m k t
x(t) = ————=---————mm o + a cos(-—--—- )
1/2 1/2
k m

oood
00000 »O000000O0000O0y()ODOOODOOOO0O0O0ODO00O00 z()00000000O0
ooooooOooooo k0O0bbOboOoOooon

ma” (t) + ka'(t) = y(t) (2.12)
gooboooooooooooooon
m{sQX(s) — s2(0) — x’(O)} + k{sX(s) - x(O)} =Y (s) (2.13)

O000X(s)DOoOooooooooo
mx(0)s + mz’(0) + kxz(0) + Y (s)

X(s) = 2.14
(s) s? 1 s (2.14)
000000000000 00oo0U0ooo0Y(s)DOOooOoooooOoUboOOoOooooo
1 1 \2'(0)  z(0) 1 1 \Y(s)
X :(,7 ) (,,7) 2.15
() s s+ A * s * s s+X k ( )
DDDDDDDD)\:ﬁ|:||]|:|Dl:ll]DDDDDDDDDDDDDDDDDDDDDDDDDDDx(t)l:l
m
gooon
1 t
z(t) = Xx'(O)(l —e M)+ 2(0) + (1 —e M) x %
L, At 1 —A(t—7)
=3 (0)(1—e™) +z(0) + Z (I—e Yy(T)dr (2.16)
0

gbooooboooobobooobobooobooboooooboobooooboboooooboooo
obooooooobooobobooooobooogoobooo
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30 Uboutdbotdtbbttn

3.1 0JUuooogogd

g20000000000000D00DOO0ODOO0ODODOOOODOOOOOOOOOOOOODOODOODOO
oboboboobooboooooooooobooooobooooooooooboobobOobobOobobon
gooooooboooooboobboooobooobooooboobooobobobooDobDooboooDoDoboog
gbooooobooooboooobooooboboOooboobooboooobooOoooooooooooobooon
obooooboooooboooooboobooobooooooboobooooboooboobobobooboboo
gbobooboboooboooobooobooooboooobooooboooooobooboooobooboooboooboon
gooooooooooboooobooboooobooooooboooobboobbboobobooboboobobooD
obooooooboooboobobooooobooo

000000000 200000000000y 00000000O0DOOO0O0ODO f(HOODQOO

y = f(x)

0000000000000 0000000000000000 0000000000 «(#)00000
0y(t)000000000000000 FJO000O

gooooboobobood
y(t+71) = Flz(t + 7)), VT

00000000000 F]ODOO0¢+00000000000000000000000 (stationary) O
000000 (timeinvariant) 00 0000000000000 0O00O00OO0OOOOOOOOtO00OO
O F[0000000000000 (non-stationary) 00000000

0000000000000 00000 F)OOOOUOOODODOOO0ODOODOD0OUOO0ODOOOO0O
goooobooobooboooobogobooOOoooOOooobDogbOoO00ooO00ooDOoObOUgOoDO0oUDbDOd a,b0O
00 z1(t),z(t) 0000

Flaxq(t) + bz (t)] = aF|x1(t)] + bF [22(t)]

00000000000000000000000000000000000 (linear) 000000000
000000000000 (nonlinear) 10000000 ODODOOOODOOOOUOOOODOOOOO (Linear
Time Invariant ; LTT) D0 0000000000000 00O00O000O00O00 2(t)000 2(1)0000O
00o000o0o0oo0ooo0o0oUo0ooo0o0Uo00oo00Do0oUo00UoOO FlJOODODOOODO
020000 y(#)0DO000D00000000000 y(t) 0000 () 0000000000000

3.2 UUooooooooon

000000000000 00oo0ooooUo0 (0000wt D0ODO0DO0O0D0O0DO00D0O0OO0O00
000000000000 00000000000U0000O000U000O00UO0OO0OoOUOn «(t)
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00000000yt O0OO0DDOD0O000000o0000o0oooo00oo0oUo0oooUooooUooUo
obobooboboooboooooooboobobooboobooobooboooooobooboobobobon
gbooooooobobobobobooobobobobobobooooboobobobooooon
gbooooboooooboobobooobobooooonoa

000000000 z(y) 00000000y OOOOO0DOO0O000O0 FJOOOOODOooOoooO
000000000000 FJO0O0D0O0O0O0O0OODO0O0O0O0ODOOO0O0OODOD0O0OO0ODO0OOO0OD
000U0o00o000ooo0U0oo00 FJO0000O0O0O0OO0O0OOODOO0OOOOOUOOOOOOOO

00000000o0ooo0o0ooo ) o0ooooUoooooo

000000000 00A(y)000DO0O0O0DOOUDOOOO0OOOOOOOUODO (impulse response)d
00000000000000 (linear impulse response) 00000000000 () 00000000
googgg

o0 = [ T 2(Q)8(t — Q)de

— 00

0000000000000 00000 =(t)D00000D00000D00O0 Y ODOOUODODOOOUOO

y(t) = F [ IRGE <>d<}

— 00

gbooboobooooboooobobooog

gbobooboboooooboboobooobooo
ut) = [ alOn(t - ¢)dc

000000000¢t-¢0000-0000000000000000000000 ¢()0000000
OAt)D0D 2(¢) 0000000

o0

y(t) = / h(r)z(t — 7)dT (3.1)

— 00

00o0ooo0oooo0oooO 3.)oooooOoooOoooOoUoOooooOoUoOooooOooooOooOo
OAr(t)000000000002()000000yt)DODOUDOOODODDOOUODOOODDOODOUOODOOOO
(3.) 0000000000000 0U0UDOU00000000O0DO000000U0O0O00O0OO000 A(r)O
gbooooooooo

0000000 A()OUDOOU0OOOOO0OO0OOO0O0DO0OUOOO0OOUOOOOOOOn h(t) =co(t)
00000000 0o0ooO0oooooooooo y(thyoo

y(t) = ca(t)

0000000000000 ¢0000000000 2()0c000000000000000¢0000
0000 z(t),ty#t00000000000000000000000¢0000 y@®)0 r=t—t,0
000000 a(t) =2(t—7)0000000000A(r)000000000000000000000
(3.1)000000000000000 A(r)0000000-00000000000000000000
00000000000000000000000000000

h(t) =0, V>R



00000000000000000ROODOO0O0000O0O0O0DNOD000000000000000
0 ROOOODOO00O (record length) 00 000000000000 A(r) O

h(1) =0, V1 <0 (3.2)

0000000000000 +¢t0000ywt) 0000000 z(ty),to>t000000000OOOOOO
t=000000000061)0000t<0000000O0D00O00O0OO0OOO0 OO0UOOODOOOO
O00000000000000D000 (causal) 00 O00O0OO0OODOOO (3.2)000000000O0OOOO
0000000000000000000000000000000000000oOoOoooOoon (3.1)
gobobooobooobgoogod

oo

y(t) = /0 h(r)x(t — 7)dT (3.3)

gbobooooooobobobobooooboobobobobobooobobobobobooooo

obooooobooooobooboboooboobooooobooono
000000000000000000000000000000000000000000000 (stable)

gbooboooooobooboobooboobooboooooon

[ mwian <o (3.4

— 00

gbooooooboooon

3.3 oo

0000000000000000000000000 (3.3)00000000000000000000
+(t)0000000 X(s)=Lt)]0000000000000000y(#)0000000 Y(s)=Ly®)]

oo
/ y(t) e 5tdt
0

/OOO/OCX;L(T)x(t  P)dr et

/O h(r) /O Tu(t— et dr (3.5)

Y(s)

o0

DDDDDDDDDDDDDDDDDDDD/x@fﬂ€“ﬁﬂx@fﬂDDDDDDD;HQ€”DD
0
0ooo

Y(s) = X(s)/O h(r)e "*dr (3.6)

000000000000 0oo A) 00000000

H(s) = L[h(t)] = /O “h(t)etdt (3.7)

Y(s) = H(s)X(s) (3.8)

0000000000000 000000 A(t)D000000 H(s)DOOOO (transmission function)
00000 (3.7)00000000000000000000000000000O00OoOoOo

H(s) = (3.9)



ooooooooooooo
gbobobooooooboooboobboooooboobobooooobooooboooboooooboooooog

00000000000 20000 z2(t),y() 0000000000000 O00O0O0OOOO0OOOOOOO

gboooobooooboboooobooooobooboo

Mo Nk
y(t) + Z akﬂy(t) = Z bkﬁx(t)
k=1 k=0

00000zt 0000000000y 0000000000000000000000000000
000000000000000000 (3.1)000000000000000000000000000
000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000 2000
000000000000000000000000000000000000

00000 (t),y() 000000000000 X(s)=L[zt)],Y(s)=Ly(#)] 00000000000
0ooooooooo

N M
Y(s) (1 +3 aksk) = X(s) Y bs* + I(s) (3.10)
k=1 k=0

000000000I(s) 0000000000 s000000000000000000000 y() 00
00000 Y(s)oo

M
bys®
Yooy - 2" I(5)

B N N
1+Zaksk 1+Zak8k
k=1 k=1

goooooogoooogoooooo I(s):OIZIIZIIZIDD (3.8)DDDDDDDDD
M
> st
H(s) = —*=°

- N
1+ Z aksk
k=1

0000o00o0o00O00ooO00 AOOODDODOOO0OOOOO0OD sOOD0DOOO0OOD0oOoOoOoooo
obooooobooooobooboooobooobooonoo

gobooooboooboooobooboooboobooooboooboobooobobooooobooooDooog
000oooo0ooo 31)yooooooooo

X(s)+

(3.11)

=

(5 — Br)

B
Il
=

H(s) = A (3.12)

=

(s — ag)
k

000000000ADO0DOO0DOO0O0O0 (3.12)000000000 o, 000000 H(s)|s—a, 0000
0000D0000000s0000000 (pole) 000000000000 8000000 H(s)|s—p, O
000000000s00000000 (zero)000000000 (3.11)0000000000 ag, b 00
0000000000000000 o0000000000000000000000 aj=af, [#kDO
0000000000000000000 ag,ef 0000 (s —ai)(s—af) =s2—2Re[ax]s+10000
000000000000000000000000000 3,00000000000

I
=
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34 U0O0OOOLOOOOOOOOOO

0(3.12)00000000000000000000O0000000000O000UO0OOoDOOoOOo

N
2:1% (3.13)

s—a
=1 L

oboooooboooobobo2200000000000000000DO00O0OOODOODOOOO

N
= Age™*! (3.14)
k=1
1
gooobooootddee, 0 moboooooodd —————oogo
(s —ag)™
m
Akn
3.15
2 G-y (8.15)

0000000000000 ooOo0UoOo0 AOOODOOOODOoOoOOO

T A
j{: t” Leant (3.16)

n:l

00000000000 (3.14),(3.16)0 00000000000 00000000000 0000
00000000000 0 s0000000000000000000000000000 ¢— ool
00000000s00000000000000¢t—00000000000000000000000
00000000000000000000000000000000000000000000 (3.4)00
0000000000 s00000000000000000000000000000000000
0100000000000000000000000000000000000 nwOOODOOOO
¢ J000000000000000000000000000000000000000 ¢«t000
000000000000000000 33)00z(t)=e*0000000

/h x(t — 1)dr

/h(T) wt=7)qr

0
= ei‘”t/ h(r)e”™“7dr
0

= e“'H(8)|smiw (3.17)

y(t)

00000000000 wODOOO0OO0OO0O0 e 000000000000000O0000O0O00D0000
0000000000 wO0000000000000000000 H(s)|,—iw 00000000000
goooooobobbbibb w0 oU oo
00000000 (frequency property) 0000000000000 O0O0O0OO0OO0OOOOOO H(s)
ooboobooooobooobooobo0oboo0oooooooDoOobOooobObOoobobOoOo 10100
00000000000000000 H(s)|seiw D000000000000000H(iw) 0000 H(w)
000000000000000000 |H(w)|O0OO0DOO (gain)000 /H(w)0ODO0O (phase) 000
gooooooooboooooobboooboobooooobobooooo
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40 0OOoodbootdubodd

4.1 0OO0OO0OO0O0OO

00000000000000000+¢000000000 «(+)0000000000¢00000a(t)
00000000000000000000000000000000000000000¢000000
+(t)000000000000000000000¢+00000000000 ()0 &¢) 0000000
00000000 ¢+00000000004(+)=0000000000 #¢#)02z(¢)0000000000
0000000 (discrete time singal) 000 0z(t)00 () 0000000000000000 (sampling)
0000000000000 #(+)00000000000000000000000000O0O0O00O00O00
000

00000000000000000000000 #¢#)000000«2()00000000000000
000000000000000000000 «(+)0000000000000000000000000
00000«z()000000000000000000 x()000000000000 2(¢)000000
00000000000000000000000000000000000000000O2(¢)0000
0000000000000000000000000000000000000000000 (sampling
period) 0 0000000000000 00000000000 (sampling rate) 00000000000
0000 #¢) 000000 2()0000000000000000000000000OO0

00 2(+)00000-00000000000000000 #(¢)000000000000000 &.(¢)
O0z(t)0D00 7000000000 6,(6)00

o (t) = 2(£)5,(t) (4.1)

2
0000000000 0000000 r0000000O0O0 6,(y)0000000000 1.2|:|DD—7T52J(w)

T T
oooooooooooooooooooooo (0000000 & (¢)000000000000 X(w)O

X,(w)0OOOOOOOODO 200000000011 0000000000000 00O0O0OOOOODOO
oboooooooo

Xr(w) = —{X(w)*x =b2(w)}

Z O(w — Q—Wn - w’)}dw’
T

n—=—oo

e
/.

= - Z X(w—Tn) (4.2)

0000000000000000 #.()0000000 X,(v)000000 2(¢)0000000 X(w)
1 2

0-0002Z000000000000000
T T
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4.2 00000

0000000000000 X, (w)000 (42)00000000«(¢) 0000000 X(w)000 27/7
000000 1/70000000000000000000-0000000000000000000
&@DDDDDDDDDTDDDDDDDDDDDDDDDDDDDDDDDDD%%g@QDDDDDD
000 2r/f0000000000007-0000000000000000 &()0000000 X, (w)
O0z(+)0000000 X(w)0OOOOO 2r/70000000000000000000000000
0000000000000000 2()0000 «/rrad 00000 1/27H/ 000000000000
00000000000000000000000000000000X,(w)00000 (—x/r,7/7)0
00000000000

Pﬁ/.,(w) = (43)

{1, for \w|<z
-
0 X,(w)00 Pyr(w)X,(w) 0000700000000 X(w)0ODOOODOO0O0O0D00000000
2()000000000000
OO00o000oo00o0dz) 0000070000000 1/7HZ000000000000000 (1)
000000 () 0000000000000 DO000000D0000 z(t)D000DO0OOODOOOOO
O000zx¢)0DODOOO0OOO 1/200000000000000000000000D000000O
O00000000000000000000 (Sampling theorem) 0000000000 1/70 1/2000
01/27000000000 (Nyquistrate) U0 O000O00x(t) 0000000000000 0O0OO0OOO
000X, (w)0000 X(w)0DOODODOO00000000 X(w)0OOOOOOOOOO00x(t)00
0000000000000 00z(y)DODOODDOOODOOODOOODOOODOOOOOODOOOOODOOO
00 (aliasing) D OO0
0o0o00oo0ooO0o0o0ooooo00 2. ()O0O0000 2z(t) 0000000000000 ODOOOOO
00000X(w) =7P,(w)X.(w) 0000000000 200000000000000000000
DDDDDDDTPW/T(LU)DDDDDDDDD () 0000000000000000 z(1)DO0DDOOO

1
DDDﬂﬁ@ﬂIIMDDDDD—mmGQDDDDDD
T T
vis

1. .
T —smc(—t) * T (1)
T T

x(t)

sinc(%t) * i x(t)o(t — nr)

n=—oo

/_O;Sinc(gs> i z(t —s)6(t —nt — s)ds

n=—oo

o0

Z sinc(z(t — nT))x(nT) (4.4)

T

n=—oo

oo00ooooO0o0oU0oooo0 & (100000000000 sine00000O00OO0O0OOOOOOO
0000000000000 0 2(¢)00000000O000O0OO0O0OO

0000000000000 U0X(w)0DOOOO¢CUOODOUO0OOOD X(w)DOOODOOUOOOOO
O000«2¢)000000000000000 27/000000002() 0000 27/¢000000O0O
gbooobooboooooboooobobooogooo
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4.3 0O0O0OOOO0OOO

0000000000000000000000000000000000 2()000000000 X(w)
0000000000000000000O0#(),X(w)00000000000000000000000
0000000000000000000000000000000

00 «(t)000 [0,2r/¢)000000000000000000 X(w)0OO (—#/7,7/7)00000
00000000000 2(t)0 X(w)0DOOOOO0OO000000000000 &t),X(w)0000000

o0

B =o(l)r ()= Y alt+ 2%771) (4.5)

X(w)=X(w) *02x Z Xw+—r (4.6)
0000000000000 0000000oo0o0o00o000oo0Ooo (1.21)0000000Uooo
0000000000 27/¢000 &¢) 00

i(t) 2: (m(¢)e™<t (4.7)

m=—0o0

00000000000N € 2,10
2w

(r
ooDooooooNDDOO0ODOO000ooO0o0oDbO0o0o¢ooDooD rO0DbO0O0O0ODOOD0DDO0ODOOOO
NOOOOOOOOUOOOOO¢oooUOO r0O00000O0O00O0O00OOOOO2(t),X(w)DODOODOO
ooooooooooo o,2n/C), (-n/7,n/7) 000000000000 OOOO0OO0OOODOOOO
000000000000000000000000000000000000000000000O000
ooooooooo

(4.8)

o N—1 oo
D000m=k+rNOOODOO ) OO0 Y 000000000t=nr, neZ000000

m=—o00 k=0 r=—o0

(4700

<

5 X((k +rN))elk+rN)inT

Z(nt) =

3

k‘C + ) i2m (%E +nr)

N-1 _i_o:

DDDDDDDDDDDDM@DDDDDDDDDDDDDDD(@“%”“:&%%,mkemﬂﬂm
oooo

1 = :
~ - 27N
Z(nt) = — X (kC)e'™ N (4.9)
T k=0
0ooO0O0O0ooo
Wy =e i % (4.10)
000000 (4900
1 N—-1 ~
Fnr)=— ) X(kOWy™ (4.11)
T
k=0

1z, 0000000000000000
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Imag 4
Z-plane

Gauss-plane

0 4.1: 0000 Wy OODODO .eps

0000000000000 zyOooorsOOOOOODOOO X(w)DDD ¢oopoooooooo
oboooooooooooo,Wyb, 00000000 oooowyg, neZ0O00000000000OO
obooooobooboooboob NODOODOODOON=800ODOODbOOD410000000O0ODODO
ooob0410000000000000000n,meZz00000

wermNe = e (4.12)
N—1
1 1, form=0
—_ wmn ’ 4.13
N ; N { 0, form#0 (4.13)

goboaoboan
o000 @41)yoooo - wyrooodn=0,...,.N—-100000000O

N-1 N-1 1 N-1 ~
P YW= Y [ Yo X RQWRM | e
n=0 n=0 k=0

=2

[0 & S W]
k n=0

I
o

00000 (413)0000000000000000O00O0

N-1
TZi(nT)W]\;”"zf((mg) (4.14)
n=0
0000000000 (411)00000 X(w)DOO0 ¢ 00000F#) 000 +000,0000 &(nr)
000U00oO0o0oU0ooOoooooo (4.11),414)00000

T, =z(nT)

X %X(ko
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gobobooboobooboobobboboboobooboon

N-1
Xp = >z Wy (4.15)
n=0
1 N—-1
—kn
Tn — N — Xk;WN (416)

0000000 (415000000000 (discrete Fourier transform ; DFT)00 (4.16) 00000000
00 (inverse discrete Fourier transform ; IDFT) 00 0000000000000 O0O0O0O0OOOOOO
00 Xy =DFT[z,|0z, =IDFT[X,]0000000000000O0O00O0OO0OOOOOOOO0O0O0OO
O000oo0o0oo0o0ooOo0oooO0o0ooO0o0ooOo0oooOO0o0ooOoO0DoooOo0ooOOoO0O
000o000000O0000000o00O000o0o00000000o0o0oo00ooo0oo0ooo0ooO0on
o00ooo0ooooooo0oo0oo0oo0oo0oo0ooooo0oo0o0oo0oooooo0oo
000D00Xy, |Xx?4X,0000000000000000000000000000OODOO0O0O0
ooooooo

0000 41500, 000000000000 (O (4.12)00000000000 2, 000000

obooooooooooboo
N+1

Xk = Z onII\C[n
n=2

0000000000000 (416)00000000000000 X,00000000000000000

000000000002, n=0,....N—-10X,, k=0,...,N—10000000000000000

000000 Xg, k=-1,-2,-3,...000000 Xy_1,Xn_2,Xn_3,...00000000000000
oo0

Xo wy o Wy Wi e Wi Zo

X, wy o Wi w oo Wi T

X = Xo , w=| Wy W Wy e WJ%r(Nil) , T = Z
XN wy Wit WJ%(N_” V[/'J(\,N_l)2 TN-1

000000 (41500 (4.16)000000

1
X =W, T = NW*X (4.17)

000000000 0W*OOWOODOO0OO000000000000000
(WIY'W = NIy

1
oo —=wioboooobooooooboboINO Nx NOODOODOOoDOO

VN

ob400000000000D00O0O0O0DOO0O00O0DOO0DOOOOODOOODOODOODOODOO0O0DOOSsin
gbobcos0DO0O0bonDbOobooboobo0bOo0Om

44 UO0O0O0O0OOOOOOOOOO

000000o00oU00o0oo0oo0oo0o0o00o00oo0oooUO (415000000 4170000
00000000000 NOOODOON?0000000000000000000000000000
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NOOODOoOooonND 200000000000 0DO00O00ODO0DO0OOODODOOOODObDOO
oboboboboobooboobooboobooOoooobOoOoboooOooOooboOooOooboOobOobOoboboOon
0000000 (Fast Fourier transform ; FFT) 00 000000000000 O00OO0OO00O0OO0OOOOO
gboobooboobooboboobooboooobooboooon

goobobooboon

0 (41500 10000000000000
N-—-1
Xp= > z, Wi (4.18)
n=0

ooNDOOODOOobOoooOnbOobOoooOoooooooboDbO 2n,2n+1 000000000

N/2—1 N/2—1
Xk - Z $2nW1%[nk + Z .’E2n+1W](V2n+l)k (419)
n=0 n=0

0D0D0000000o0oowWR=wyl, 0000

N/2—1 N/2—-1
Xp= Y xaWiy + W D zon Wb, (4.20)
n=0 n=0

oooooo0o0kO0O0O0O0DOOOOOO0DDOOO kE=0,1,...,N/2—-10000000000000
k=N/2,...,N—1000000k0O k+N/200000

N/2—-1 N/2—1
Xisnp = . xQnWJ@}g*N/”JrW]’@*N/Q > x2n+1W](,§’;+N/2), k=0,1,....N/2—1  (4.21)

n=0 n=0

oooooooooooo we/2=1owk™? - _wkooooooo

N/2
N/2-1 N/2—1

Xiinz= Y 20 Wih, =W D zon i WiS, (4.22)
n=0 n=0

000000000 (4.20),(422) 00000

N/2—-1

Gr = Y x,WRS,, k=01, N/2-1 (4.23)
n=0
N/2—-1

He = > @01 WR,, k=0,1,...,N/2—1 (4.24)

n=0

000000 N/200DFTOOO0OOOOOOOODOO (4.20),(4.22) 0000000

X5 Gp+WrEHy, k=0,1,...,N/2—1 (4.25)

Xpin2 = Gr—WEHy, k=0,1,...,N/2—1 (4.26)

0000000000000 0 NODFTOOOOOODO N/20000000000 200 N/2000

o0o0oo0o0o00obOoO0o00DboO000 N=80000D00000 420000000
0000ON/20000000000000 N/40OOUODOOOOOO 400 N/242-N/4=NOO

0000000000000000KOOOOOOODO000000 N=2k000000000000
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XO —>
Xy — .
4 points DFT
X4 —>
X6 —>
Xl —>
X3 —> A
4 points DFT
X5 —>
X7 —>
—> XO
. — X,
4 points DFT
N X6
—> Xl
. —> X3
4 points DFT
— Xs
— Xy

0 42: 80 DFTO 200 40 DFTO 4000000000000 O)000000O0D0O0OO0OO(O
0)000000000000 fitalgorithml.eps

0000000000 000000000O0O0D 10000000000 NODO (V/2)leg, NODODOODO
obooboooooboooboobobobo1bgooooooooboooo1lgboooooooooboooboon
0000000000000 000000000o00ooO((N/2)leg, NODOODODODODOOODOOODO
NOOOOOOOODODOOON?00000000000000000000000000000DO00O00
N=10240000FFTOOOOOOODOODDODOOOOO 2000 10000000000O000O0DO0O
oooooooboooooooobo0 43000000000 N=80000O0ODODOODOOODODOOO
obooooooboooooboobooo

obooooooooon
00z, 000000 NOOOOOOOOOO (415001000000, 0000000000000
oboooooooo

N/2—-1

N-1
Xy = > wWE+ Y a,Wi
n=0 n=N/2
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N/2—-1 N/2—1 .

Z P (g Z anr%W;f,("Jﬁ)

n=0 n=0

N/2—1

- i Wk k=0,1,...,N—1
= Z (xn+WN mn+%) N > T e i T

n=0

ooDooobooooX,0kO00ODO0O0000DO000DO0ODO0000ODO00DOKkODOOOO0O0O0kE — 2k

DoowN =10wW"=wy, 0000000

N/2-1

Xow = Y (wn+ Wiz, )WRT
n=0
N/2—1
= Y @t )W, k=01,...,N/2-1 (4.27)
n=0

DDDDDDDkDDDDDDDDDkHQk—i—ID[I[IW]Q[ﬂ:—lI:IDDDDD

N/2—1
(2k+1)N n
X2k+1 = Z (xn + WN 3 _xn+%)W](\f2k+1)
n=0
N/2—1
N/2 n n
= Z (zn + WN/ xn—i—%)W]I\CZ/QWN
n=0
N/2—1
= Y (@a = ) WEWR),,  k=0,1,...,N/2—1 (4.28)
n=0
00Oo00oooo
Gn = T, -+ l‘nJrN/Q (429)
H, = z,— Tnt+N/2 (430)
000000 (4.27),(4.28) 00
N/2—-1
Xop = > GW§, k=01, N/2-1 (4.31)
n=0
N/2—1
Xokr1 = Y (HWR)WR),, k=0,1,...,N/2-1 (4.32)
n=0

0000000oQ0U0oO0ooOoO0O NOOOOOOUOOODOOOO0OO0OO N200OO0O0OO0OODOO 200
N/2000000000000000000 N=8000000000420000000
O0000N/20000000000000 N20000000000400 N/24+N/2=NOOOO
00000000000000KOOO0000000D00000 N=2K00000000000000
O00000000000000000000 10000000000 NOO (N/2)leg, NOODODOODO
gboboboooooooooboooobobol1boobooooooooloooooooooOoooooobooon
000000000000000000000000(N/2)leg, NOODOODODOOOOODODOODODOOO
oooooooooboooboooooooooooboooooooboOobOoOoooooobOoObbDO0 430000
ooooo0 N=80000000DOOO0O00DOOO0O00oDOOooO0oDbOOoOooDooOobDOoooDo
0000000000000 000o0o0oU0o0o00o00oo0o0oUoUoo0n (O (4.15)000
0000000000000 00O00U0o0oO00oU0oOooO0lY/NOOODUDOODOOOUOOoDOOoOUoOo
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043:80000000000(MD)0000000O0UO0UOO(MO)D00O0OO0OOOOOO0 fftalgo-

rithm.eps

000000000X,, k=0,1,...,N—1000000000000X,, k=0,1,...,N—100000
000000001/NOOOpOOOOOO0OO0000000000%, =&ngmy, m=+1,+2,...0000
00O00O00000RO000000002.,02y_,00000000000000000000000
0000000000000 000000000000

4.5 U0O0OO0O0O0OO0O0OLObObOOoOooooon

044(x)00000000 (000000000 8000Hz) 00 000000000000000000
00000000000000000000000 44(b),(c)00000000000000000000
000000044 0000000000000000000000000000000000000
00O (00000000

00000000000000000000000000000000000000000000000
00000000000 8000Hz0O0D0O00000000000 45()0000000000000000
00000012, 20,27, 3.7, 4.6, 5.2, 6.1, 6.9[sec] 00000 4096 0 (0 0.5[sec)) 0000000000
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(a) voice data x(t) (b) power spectrum of voice data x(t)

5

10
0.5
o}
0 z 10°
[oR
-0.5
0 0.05 0.1 -4000 -2000 0 2000 4000
t [sec] f[Hz]
(c) phase spectrum of voice data x(t) (d) reconstruction of voice data x(t)
30 i
= 20 05
ks
= 10
3 0
g o0
[o8
-10 -0.5
-4000 -2000 0 2000 4000 0 0.05 0.1
f[Hz] t [sec]

044 01100000000 (1000000000000 O00O0O0O0OO0O0O0OO0OOOOO0OOOO
(h)OODODOOOOOD (e)0000000000000000000000000000000 ()0 ex2.m

000000000 (b)0000000000000000000000000000000000000
00000000 ()00000000000000000000000000000000000000
000000000000000000

0000000000000 000000000000000000000000000000000
000000010000000000002000000000-0-0000-0-0-000000
000000000000 1/20000012000 10000000000000 20000000
O000000000 2= 000000000000000000000000000000000000
k=0,2,4,57,9,11,1200000000 p(k) 0000000000pk) =pe2e 00000000p, 00
000000000000000K ={0,2,4,5,7,9,11,12}000000000000000 p/'(k),k € K
0000p, 00000000000000000000 20000

I="3"(p(k) = p/(k)* = > (o272 = p'(k))’

keK keK

ol
goooooooo pp0bO00ooboooooon 8—:0DDDDDp0DD
Po

00000000000000000000000000000 0000000000000000 20
000000000 45(d) 0000000000000 0O0O0O0OO0O0O0UOODOOOUODOOOUOO
oono
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(00000

0O 05 1 15 2 25 3 35 4 45 9
Time [sec]
(yOOOOoOooooooo (00000000000
\ i I | P N
] — 0
o o = |
a] — 0
oo l A . — oo H
a] — O
; | Y E
] —
a] o 8 — 0
JL N
0 0.2 0.4 0 500 1000

Time [sec] Frequency [Hz]

(yoooooooooooooooooo

240

220 1

0 45: (0000000000 (MOOOOO0ODODOOOO0ODODOOOO0UDOODOOOODOODOOOOO
()0D000000000O00000 ex3.m
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4.6 LU0O0LO0O0OOOOOLODOOOOOOOOOOO0

goodooooobodoobo NO20000000D0O00OO0ODOODODODODODOODbDOOUObOOObOD
gboboobbooobooz2000bo0oobobooooboooboooobobooobooboobooooooon
obooooboboooooboooooboooo 2000000000000 O0O0OFFTOOOO0
gooobooobbooobboobbboobbooubboopbobboouboobboobboo
gboooobooooobobobooobobooboooboobooooobobooooon

0000000000000 00o000 NOODO (0D 48)000000oooooooNOODOOoOO
000002, X(w)0000000000000000000000000000000 (), X(w) O
gobooboobooboobooboobooboobooND 200000000 DOD0ODDOODO
000000000000 z(t),X(w)OOODODODDOODODODODDOODODOODOODDODOODO0OODOOOOOO
00 X, 0000 X, 0O0OoDOOo0O0oooooooooooooooooobooooooooooooo
000000 -0000000O0NODOODOUOOUOOOOO0OO0OD 48)000000000O000O0 ¢
0000000000000 0000000 X(w)0OOOOUOOOUOOOOOOUOoOoOooooooooo
gogogoooboboboooooooboobobbooooob bbb bbb oooob LD

oooooOQ o, =z(rn) D00O0O0O0OK >000002, =z(Kmm) 0000000, 000000
0000000 (resampling)0 00000 (rate transform) 00 0000000000000 O0O0OO0O
gooooooon Xk:T_lX(Ck)DD|:|DDI:IDDDDDDDDDDDDDDDDDDDDDDDD
0<K<1O00OOOOOOO (interpolation)0 0000000000000 (upsampling) 0000000
001/KOOOoOooOooooooooooooooooooouoo1>K>000000000000
O0000000000K>1000000000000000 (down sampling) 00000000 K OO
oboooobooooboobooooboooobobono K>»1goooooooboooboobooooo
gobooboooobooboooooooboooboobooboooboooooboooooboooobooboooooboooon
ooooog

00z, 00000000000D00D0 X, ODODOODO0OO 2, 0000000 2, 000000000
gbbooooooooobOooooooooooooOooooobooobooOoooooboboOooboboOobon
oboobd X, 0 2000000000000 X, bbb oooooX,oob 20
gbooooooobooobooboooooboobobooboobooooo ez, 0020000000000
obdbdez, 00000O00ODOO0ODOO0OLDOX,0D00DO00ODO0D0ODO0ODODODODODODODODOODOOO
000000000000000X,, k=0,1,...,N/2—10 X4, k=N/2,...,.N-100000000
oboooobooooooobobooo

goobdtez, 00000z, DO0O0O0ODOOO0ODODODOO0OODOO0ODODOOO0ODOOODbDDOOD
goboobboooooobooooboooboooobooobooboooobooooooooobooon
ggooobooboddde, bbb bbboobbbboooob &
gbobobobooboobooboobooooooboooboooobooooooboobobOoboboboboon
oooooooooooooooooooooooDbo0bbe,D X, OOOOOOODODOOODOOOO
goodobobobbooooooubbbtbooooobbbboooooo

obooooOOorrFTOO0O0OoO0obOOoO0OO0obOO0OO0obOOobO0obObocobO0oboOoobooboooooboboonog
gogobooboboooobboooobboooooon fl]l][ll][l >oooooooooooooo
00000000%n, n=0,1,...,N—10 y,, n=0,1,...,N—1000000000

N—-1
Zn= Y TkYn-k, n=0,1,...,N—1 (4.33)

k=0
00000000000000000002,,y.07=0,1,...,N—1000000 000000000
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ud z,,y, 000000000200 o
(linear convolutional integra)D 00000000000 (cyclic convolutional integral) 00000000
ggboogoboobooobbooobooobboobbboobboobpbboobbobboobbon
gboboobooooooboooooobobooboboooooooboobooboooboOoooboooobooon
ggoboobooobbooobbobooobtbe, 0y, 0000 bO0ObDbOob0ObbOoOoobbOon
0000000000000000000000000O0000000000 (4.33) 0000000000
0000000000000 000000U00O000U0O000U0O000OUO0O0OU0n 4.33)0000
000000000N?200000000000000000000000000000000O0200 N
OFFTO NODOODOO200 NOIFFTOOOOOOONOO FFTOOOOO IFFT OO (N/2) logy(N)
000000000000 0000FFTOOO00O0000000000O2Nog,(N)+NOOODOOO
OOo0Oo0ON=10240000FFTODOOO0O0O0DOOOODO0OOODD 49001000000
oooo0oooobboDbDOe,,y OO0O0OO0D0OOO NOOOOOODODOOOOOOODOOOO0O 2N
0000o00obo0ooooooooooooo0o0o00o0o00Uoo FPFTO0O0O00ODODOOODODOOO0n
0000000000000000000000000000 ((4N)log,(2N)+2N = 4N (log,(N)+1)+2N)
OON=102400000 (433)000000000000002200 100000000000

4.7 00O

goboobobooobooobooboooboobbooboooboooboobbobboon
obobooboooooooooboobooboobobobobooooboobooooboooobOonbOob 200
(z-transform) 000000000000 -000000000000000

ooOoooo«z(t), t>000000000000000O0O0OO

Z-(t) = Z x(tn)é(t — mn)
n=0

0000000 Lz, ())0oooo0ooo0ooooooooooooooooooo

L [2 (Tn)d(t — m)}

>
w
5
=
I

Z x(tn)L[§(t — n)]
n=0
> a(rn)e " (4.34)

n=0

good

z=e%

000000 200000, = ()0 X(2) = L[E,(t)]

er—, 000000 (4.34)00
X(z):anz*” (4.35)
n=0
00000000000000000%, n=0,1,2,...00 X(:)00000 X(2) = Z[z,] 00000

0000 200 (one sided z-transform) 000000 000000000000 O0OOOOOO0OOO
oooOo0O000 z=e"0000O0O0OO0OO0OO0O0O0O0OO0O0ODOOOOOsOOODODOD 2000000000
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041: 00 0000

Ty, >0 X (2) oooo
5(n) 1 000
1
-
nk AN |z > 1
L)
dz) 1—2z71
" 1
a m( - |2 > |al
sm(wT)z—
i >1
sin(nwr) 1—2cos(wr)z=t 4 272 12
1 — cos(wr)z~!
>1
cos(nwr) 1—2cos(wr)z=t + 22 12
—nT in(nwr) e 7 sin(wr)z ! 2] > oo
e sin(nwt z| >e
1 —2e7 cos(wT)z~1 + e7207272
“na” cos(nwr) 1—e 2 cos(wr)z ! 2 > emor
e cos(nwt z| >e
1—2e 27 cos(wr)z—! e 20752

UbsOO00oooboboboob z:000b00b00D00O00bOob0obobobDo0boboboon
so0000 Re(s) >so 000000000 -000000000000000r>00000

E

gbooooooooo

000000000000000000000000 z(t)0 X(s)ODO10 100000000000 2
0000000000 2,0 X(>:) 0000000000000 0000000000 00000 z00
obooooboooonbo 4100 4200000000

X(z)00O0OO0oOoUooOo0 2, 0000000000000O000O00OO0(@0OO0) 00000

1
L= — X n—1y4 4.36
o0 = e X (@) (1.36)
0000000000000 200 (inverse z-transform) 000 Dz, = 27X (2)] 000000 X(2) O
gobgbobooboobuoobuooboobobboboboobbo z0b0o0bUobbOobbOon

000000 43)000000 200002, 0n<0000000000

X(z) = Z Tz " (4.37)
00000000000 000U000 200000 200 (bilateral 2-transform) 00000 (4.37) 000
bbb bobooobbo0 zbb0oUbboobUboob
gobobooooooodg

o0

Z |zn2"| < 00

n—=—oo

0b0oooobooooonoobonn r,r, reo>rm>000000

7'1<|Z|<7’2
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042 00 00000000

000 zp,y, | 0000 200 X(2),Y(2)
ooo az, + by, aX(z) +bY(2)
ooo Tan X(zw)
k—1
ooooooo (1) Tk FX(2) =) z(1)7
1=0
0oooooo (2) Tk 27k X(2)
00000000 (1) | eForg, X (eTz)
z00000000 (2) | a™zy, X(a=tz2)
oooooooo nay —zdiX(z)
z
d n
oo kg —z— ) X
ntx Zdz) (2)
oo In z“/ v X (v) dv
n+a .
oooo T * Yn X(z)-Y(2)
1
O Tn - Yn P X(U)X(E)v_ldv
2mi /.. v

gooooboo
obs004100x,=¢"0 200002, 000000000000 0OO00OD0eOO00OOOOODODO

00000000000 0Osin(nwr)dcos(nwr)de™ "7 sin(nwr)de " cos(nwt) 0 20000 4.100
ggoobobooboooooobooboobm
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50 Ubouotbbotdbbotutubd

5.1 JUU0Uobouooooon

gboobobooboobooooboboboobooboooboobooooboooobOoboooobooDbo
oboboobooboooboo200b00b00b00b0bobOoOooOoboooooooooooooboobOon
ooooobooboooooobboooboooooooooogoooboooobooooDoobooobooboOoo
bobobooooooooboboooooobooboooooooboobooobboobooooooboon
oooooooooooooooo y, 0D00O0C0DOO0OO0O0DDOD M, 00D 2, 00D0DOOCDOOO
ooo

UYp = Z hpZp—rk (5.1)
k=0

00000000 2,0 200 X(2)=Z[2,]0000000000000000 y,0 200 Y(2) = Z[y,]
00

Y (2)

Z[yn} =Z

Z hkxn—k]

k=0

Z (Z hkxnk> z "
k=0

oo o0

Z hy Z Tz (52)
k=0 =0

DDDDZzn_kzﬂlD z,—x 0 200000000-0000000000000 (2)0D0o0oOoOoooo

n=0
Y(z)=> hzFX(2)
k=0
D0O0000000000000 h,02000000000000000
H(z) =Y hz* (5.3)
k=0
000000000000 Y(z)000000000 h,000 2,000000 200 H(z)O X(2)00
Y(z) = H(2)X(2) (5.4)

0oo0ooo0ooooooooooooU 0200 HUODODODODOODODODOODOOOOOOOO
00U, 000000000 H(2)0000000 S, 000000000 Hy(2)ODOOOOOO S,0

oooooooooooooooogoono s;00o00y, 00000 SS000000, 00000000 5,0

S,ooooooooooooooooooooooooooo

Y(2) = Hi(2)X(2)
V(z) = Hx(2)Y (2)
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00000000 $,08,0000000000000000000000
V(z) = Ha(2)H1(2) X (2)

0000000000000 000000000000000000000000 Hi(2)Hy(2)OOOODO
oboooooooo
00000000 H(z)ODooooo

H(z) Do+ b1z +bpz 2+ bprz M
Z) =
1+az7 4 a2z 2+ +anz=N

gdobobooouoboouooooooobooouooobouobooUuobon
A(z)51+a1z_1+a2z_2+-~-+aNz_N

B(z)Ebo—I—blz_l+b22_2+---+sz_M
0ooooo0 (5500
B(z)
A(z)
O00O0O0OA(2),B(z)00000000000O0O0O0OOOOOOOM,NOOOODOOOODOOOOO
0000000 (5.5 00 (540000000

H(z) =

Y(2)(1+az7t +agz 24+ +anz V) = X(2)(bo + b1z7t +boz7 2 4+ - +bprz M)

0000z, 0 2000 27 *X(;)0000000000000000000ODO % 00000000
goo

M N
Yn = Z bkxn—k - Z ApYn—k (56)
k=0 k=1

0000000000000 (0() 0000000 H(:)0OOOO0O00000000000 [H(z)|
0005100000000000000000000000000O0OO0-,0000000000000
ooooooooo

() H()=(+2)2

(b) H(z)=(1+z""+27%)/3

() H()=QQ4zt+224273)/4 (5.7)
(d) HE)=Q0+z21t+22+23427%/5 .
() H(z)=1/(1—0.72"1)

()  H(z)=1/(1+0.72"" +0.722)

5.2 OOOOOOO

ggboobbogboboobooboobboobbooboboooboobboobboooboan
goboooboboobooobooboooboobbooboooboobboboboobbooobo
0000000000000 0000U0000000DUO0o0O00DU0DUOUOOOoDUOOn (b.)oOoooo
r, =" 000000000000000000

oo
Yn = Z hkxn—k
k=0

o7



Imag
Imag
Imag

Real

Imag
Imag
Imag

Real Real Real

0s51: 00000000000 ex4m

o]
_ Z hkeiw(nfk)‘r
k=0
> k
— ezwnr E hk (ezw'r)
k=0

o0
= e“"mthz—k|z:eiw
k=0
= " H(2)|,meior (5.8)

000000000000000000000000000000000000000000000000
H(2)|,—ere- 000000000000000000000000000000 000000 H(2)|,—eier
00000000000000000000000000000000 H(2)|,—ew 0005100000
0000000000000000 H(:)OODOOOO z=e*"0000000000000000
0000000 H(2)|,—ewr 000000000000000000 —n/r<w<na/f0000000
0000O00An) 000000000000000000000000000r=1000000000
00000000000000000000000000000000000000000000000
0000000 wD0O0000000000000000000000000000000000000
00 [rad-s|0 [Hz- s) 0000000000000 0000000000000000 H(w)DOOOOO

0000000 Hw)0OOOO

|H(w)| = V/Re[H (w)]? + Im[H (w)]?

00000 (gain)d0 00

00000 (phase) 0000 /H(w)<00000000000000000000000/ZH(w)>0000
000000000000000000

58



0000#,0 200 X(z) = 2z, 00000000000000000000000000000
Zn, n=0,1,...,.N—10 0000

N—1
X(z) = Z Tz " (5.9)
n=0

0000-0000000000000000000000NO0000 2 =e2"%/N k=0,1,...,N—1
00 X(z)00
N—-1
X(2) = wpe PNk =0,1,... N1 (5.10)
=Zk n=0

z

000000000X,=X(z)|,_, 000002,00000000000000000002,00000
000000z,0 200 X(z)=Z[z,]00000000000000NOOOOOOOOOOOO

0 (5.7)0 ()0 (f)00000000 H(:)00OO0O0O0000000000 Hw)0O0OO0O0O00O0 5.2
00000000000000000000000DD H(w)0OOOOOOOOOOOOO w3000
r00000000000000000 HwOOODOOOOOOOOOOO 2000000000000
0000 340000000000 510000 |[H(z)|000000000000000000000
000000 |[H(w)|0OOODOoooooooooo

0520000000000000 |Hw)|0OOO2000000()0()000000000000
000000000000 00000000000000000000O0O00000000000000
000000000000000000000000000000000000000000000000
000000000000000000000000000(f)00000000.32Hz00000000
00000000000000000000000.32Hz0000000000000000000000
000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000
00000000000 000000000000000000000000000000000000
000000 (fitker) 0000000000000 0000000000000O (Low Pass Filter; LPF)0
00000000000000000000000 (High Pass Filter; HPF) DO OOOO0OO0OO0O0O00000O
00000000000 (Band Pass Filter; BPF) 00000 (5.7)00000000 (a),(b),(c),(d) 000
0000002,345000000000000000000000000000000000000000
00000000000000000000000

5.3 U4Uog

05100000000000 |H(z)|OODODDODODODOD 00000 z20000000000000000

00000000000 H(:)oooooooo
B bo+biz7 bz 2+ +byz ™M B(2)

H(z) = = 5.11
(2) 14+a1z7 4 a2z 24+ +ayz=V  A(2) (5-11)

0000000 A(2) =00 B(z)=0000000000000A(z)=00000000 a4, i=1,...,NO
B(z)=000000004;, i=1,...,MO000000000000 (5.11)00

_ bo(1 =Bz ) (1= Baz™t) - (1= Buz™t)

(I—az7H(1 —agz7l) - (1 —ayz71)

H(z) (5.12)

00000z=q; i=1,...,NOOO|H(z)|0OOOD0z=4,i=1,...,MOOO|H(z)|00000
00000aq;, i=1,...,NO H(2)0 200000 (pole)d B, i=1,...,M0 H(z)0 000000

99



Real - Imag plot

Real (blue), Imag (red)
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