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Abstract: 
This paper analyzes grasp stability of two objects with both 
friction and frictionless contacts in two dimensions. In the grasp 
of two objects, there exist multiple contact points which mean one 
contact point between two objects and plural contact points 
between objects and fingers. In the previous work, all these 
contact points are assumed to be either only with friction or only 
without friction. This paper discusses more practical grasp, in 
which there exist both friction contacts and frictionless contacts. 
In this case, both rolling motions and sliding motions occur due 
to friction contact and frictionless contact in the grasp system 
simultaneously. The grasp stability is evaluated by the potential 
energy stored in the grasp system. By using numerical examples, 
effect of friction is demonstrated. 
 

1. Introduction 
 
Multifingered robot hands have potential ability of fine and 
dexterous manipulation. In order to realize these excellent 
technologies, many works [1]-[10] have explored grasp and 
manipulation by the robot hand. This paper discusses grasp 
stability of multiple objects. 

Stability is the tendency of a system to return to an 
equilibrium state when the system is displaced from this state. 
It is required for the hand to maintain the grasp stable against 
external disturbances. Nguyen [3] analyzed grasp stability by 
replacing a finger with a virtual spring model. The stability is 
evaluated by positive definiteness of a hessian of potential 
energy stored in the grasp system. The hessian is called a 
grasp stiffness matrix. Curvature effect [2,4,7] and dynamic 
stability [5,6] were also discussed. For efficiency of tasks, 
multiple objects had better been grasped and manipulated by a 
multifingered robot hand [1,9,10]. Yamada et al. [8] 
investigated grasp stability of two objects. In this work, 
however, all these contact points are assumed to be either only 
with friction or only without friction. 

In practical grasps, there exists the case where 
large-friction objects and small-friction objects are grasped by 
a multifingered hand, and also exists the case where surface of 
each object consists of both friction and frictionless regions. 
Therefore, both rolling motions and sliding motions occur due 

to friction contact and frictionless contact in the grasp system 
simultaneously. 

This paper discusses these practical grasps, in which there 
exist both friction and frictionless contacts. It is shown that the 
number of independent parameters of objects' motion becomes 
5 in case of sliding contact and 4 in case of rolling contact. 
Displacement of fingertip position is derived. The relationship 
between finger displacement and reaction force is replaced 
with a 2-dimensional spring model. The potential energy of the 
grasp system is derived and the hessian of the energy is 
provided. The grasp stability is evaluated by the hessian. From 
this analysis, the effect of friction, fingertip position, fingertip 
force, and shape of object and finger is clarified. By using 
numerical examples, effect of friction is demonstrated. 
 

2. Problem Formulation 
 
As shown in Figure 1, we suppose that a multifingered robot 
hand grasps two objects in two dimensions. 
 
2.1 Assumptions 

Stability of the grasp system is analyzed with the 
following assumptions. 1) Both object and fingertip are rigid. 
2) The contact between two bodies is of single contact. 3) 
Contact position, normal direction, and local curvature at the 
contact point are known. 4) Initial configuration is in 
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Figure 1: Two objects grasped by a multi-fingered hand. 
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equilibrium. 5) Infinitesimal displacement of object occurs due 
to external disturbances. 6) No rotation of fingertip occurs. 7) 
The relationship between displacement of fingertip position 
and reaction force can be replaced with a two-dimensional 
spring model. 
 
2.2 Symbols 

The following coordinate frames shown in Figure 1 are 
utilized. bΣ  is base frame, oiΣ  object frame fixed on the 
i-th object, cΣ  contact frame fixed at contact point between 
grasped objects, coiΣ  contact frame fixed at the center of the 
approximated circle at contact point between objects, cijΣ  
contact frame on the i-th object with the j-th finger, fijΣ  
contact frame on the j-th finger with i-th object, respectively. 

Contact position, normal direction, and local curvature at 
the contact point are denoted as follows: coi

oic  is contact 
position on the i-th object with the other object, cij

oic  contact 
position on the i-th object with the j-th finger, coi

oin  outward 
normal direction at coi

oic , cij
oin  outward normal direction 

at cij
oic , coiκ  local curvature of the i-th object at coi

oic , 

cijκ  local curvature of the i-th object at cij
oic , fijκ  local 

curvature of the j-th finger at the contact, respectively. The left 
and top subscript means reference coordinate frame. 

Position and orientation of the frames are denoted by the 
following homogeneous matrices. 
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where the position p  and the rotation R  are calculated by 
using the contact position c , the normal direction n , and the 
curvature κ  at the contact point. 
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Displacement of the coordinate frame is denoted as 

follows: T
oioioioi yxX ],,[ δζδδδ =  is displacement of oiΣ  

with respect to the initial oiΣ , T
coicoicoicoi yxX ],,[ δζδδδ =  

displacement of coiΣ  with respect to the initial coiΣ , 
T

cijcijcijcij yxX ],,[ δζδδδ =  displacement of cijΣ  with 
respect to the initial cijΣ , T

fijfijfij yx ],[ δδδ =x  displacement 
of fijΣ  with respect to the initial fijΣ , respectively. The 
homogeneous matrices corresponding to these displacements 

are denoted by 
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and the symbol ' means after the displacement. From 
Assumption 1), coi

oi
coi

oi TT ='
'  and cij

oi
cij

oi TT ='
' . 

The spring stiffness described in Assumption 7) is 
denoted by ],diag[ yijxijij kkK =  and is fixed along fijΣ , 
where 0>xik  and 0>yik . The spring is compressed at the 
initial configuration and generates initial fingertip force ijf . 
The amount of the spring compression is denoted by 

T
fijfijfij yx ],[ 000 δδδ =x . The fingertip force is represented as 

 0fijiij K xf δ= . (5) 
 

3. Position Displacement 
 
In this section, we derive displacement of object position and 
finger position. 
 
3.1 Displacement of the frame coiΣ  

The displacement of object position can be represented 
by five parameters shown in Figure 2. 1α  and 2α  mean 
translation of cΣ . 3α  stands for rotation. These three 
parameters are the same as the displacement of single object 
with respect to cΣ . 4α  and 5α  mean arc length of rolling or 
sliding. The displacement of coiΣ , (i=1,2) is represented by  

 coi
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where  
 1

1uc −= coiicoi
coi κγ , (7) 

The fractions in (6.b) become either 0 or 1 for selection from 
4α  and 5α .  

 
3.2 Displacement of the frames oiΣ  and cijΣ  

The relation between oiΣ  and coiΣ  is given by 
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and the relation between oiΣ  and cijΣ  is given by 
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The displacement of cijΣ  is given by 
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3.3 Displacement of the frame fijΣ  

Each finger shifts on the object surface as shown in 
Figure 3. The direction of the contact position on the finger 
surface is denoted by ijβ . From Assumption 6), the 
displacement of fijΣ  is given by 

 fij
cij

ijcijijfij I pxx }){Rot()(),( 2−+= βδβδ αα . (13) 

The parameters α  and ijβ  depend on whether friction 
exists or not. 
 

4. Grasp Stability 
 
The potential energy stored in the grasp system is given by 
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where ijU  is the potential energy stored in the j-th finger 
contacting with the i-th object: 
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From Appendix, the grasp stability is analyzed by the hessian 
of the potential energy. In the following subsections, the 
parameter ε  is clarified and the constraint of ijβ  is 
derived. Then the hessian is provided. 
 
4.1 Frictionless contact between two objects 

If the contact between two objects is without friction, the 
displacement parameters of the system are represented by 
 5

54321 ],,,,[: ℜ∈== Tos αααααεε . (16) 
 
4.1.1 Frictionless contact between finger and object 

If the contact between finger and object is without 
friction, each finger slides on the object. Since the potential 
energy ijU  must be local minimum, ijβ  is constrained by 
 0/),( =∂∂ ijijijU ββα , (17.a) 

 0/),( 22 >∂∂ ijijijU ββα . (17.b) 

From (6), (11), (13), (15), (16), and (17.a), we have 
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Figure 2: Five types of object motion. 
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The superscript "fs" means sliding motion of finger due to 
friction contact. From (17.b), yijk  and xijf  must satisfy 
 0~ >− xijijyij fk κ . (20) 

Note that fs
ijH  of (18) is the same as s

ijH  of Ref. [8]. 
 
4.1.2 Friction contact between finger and object 

If the contact between finger and object is with friction, 
each finger rolls on the object. From Assumption 6), ijβ  is 
given by 
 coicijijij ζκκβ 1~ −= . (21) 
Then we have 
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The superscript "fr" means rolling motion of finger due to 
friction contact. Note that the size of row and column of 

fr
ijH  is different from that of r

ijH  of Ref. [8], because of 
frictionless contact between two objects. 
 
4.1.3 Hessian of the grasp 

In case of frictionless contact between two objects, the 
hessian of the grasp system is given by 
 55

,

* ×ℜ∈∑=
ji

ij
os HH . (24) 

The superscript "os" means sliding motion between two 
objects due to frictionless contact. The symbol * stands for 
"fs" or "fr". 

The hessian osH  depends on presence of friction 
between finger and object, contact position, contact normal, 
curvature at contact point, contact force, and spring stiffness. 
The grasp stability is evaluated by using positive definiteness 
of osH .  
 
4.1.4 Difference between fr
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The effect of friction between finger and object is 
obtained by the difference between fr
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It is clarified that friction between finger and object makes 
grasps stable higher because (25) is positive semi-definite. 
 
4.2 Friction contact between two objects 

If the contact between two objects is with friction, α  is 
constrained by 
 45 αα −= . (27) 
Then we have 
 4

4321 ],,,[: ℜ∈== Tor ααααεε . (28) 
The hessian is given by 
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The superscript "or" means rolling contact between two 
objects. 
 

5. Numerical Examples 
 
We evaluate the grasp stability by using the derived hessian of 
(24) and (29). A 4-fingered grasp shown in Figure 4 is 
considered. The bold line stands for two grasped objects, 
which are the same shape. The left object is numbered the 1st 
object, and the right one is numbered the 2nd object. The frame 

oiΣ  is fixed at the center of the i-th object. The contact 
positions on the object are on the virtual circle with radius r . 
The curvature of the object at contact point between two 
objects is assigned with cocoi κκ = . The contact position with 
respect to 1oΣ  and 2oΣ  are respectively given by  
 T

co
o r ]0,[1
1 =c , T

co
o r ]0,[2

2 −=c , (31) 
The j-th finger makes contact with the i-th object at  
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 T
ijijcij

oi r ]sin,[cos φφ=c , (32) 

where ijφ  means position parameter.  
 φπφ −=11 , φπφ +=12 , φφ =23 , φφ −=24  (33) 
Each finger is assigned with the same curvature, i.e., 

ffij κκ = . The normal and the tangent components of spring 
stiffness are assigned with the same value, i.e., 

kkk yijxij == . Initial fingertip force with respect to fijΣ  is 
assigned with 
 T

xij f ]0,[=f . (34) 

6 cases of contact friction described in Table 1 are 
investigated. In the first 3 cases, 5 eigenvalues are obtained 
from the hessian because of frictionless contact between two 
objects. In the last 3 cases, 4 eigenvalues are obtained because 
of friction contact between two objects. Note that Case 1 and 
6 are treated in Ref. [8]. 

The above grasp parameters are assigned with the 
following values: 
 )m(02.0=r , rad)(3/πφ = , )m(200 1−=fκ ,  

 )m/N(500=k , )N(3=xf . (35) 
The eigenvalues related with coκ  are depicted in Figure 5 - 
10. Small eigenvalues are shown in Figure (b) in which 
vertical axis is magnified around zero. In Case 1, 2, 4, and 5, 
the grasp becomes unstable around 50>coκ . These 4 cases 
include frictionless contact between finger and object. By 
comparing the smallest eigenvalues, it can be seen that the 
grasp with friction between two objects is more stable than 
that without friction. 
 

6. Conclusions 
 
The grasp stability of two objects with both friction and 
frictionless contacts in two dimensions was analyzed. The 
hessian of the potential energy stored in the grasp system was 
provided. The grasp stability was evaluated by the eigenvalues 
of the hessian. By using numerical examples, stability of 
practical grasps with both friction and frictionless contacts 
were evaluated. Our results can be applied to a design 
problem of the grasp parameters for making stable grasp. 
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Appendix: Definition of Grasp Stability 

 
The potential energy stored in the grasp system is calculated by 
 ∑=

ji
ijUU

,
)()( εε , (36) 

where ε  means independent parameters of objects' 
displacement. Performing Taylor's expansion, the function 

)(εU  can be written as 

 ...
2
1)0()( +++= εεεε HGUU TT  (37) 

where G  and H  are the gradient and the hessian, 
respectively. The grasp is stable if the following two conditions 
are satisfied. 
 1) 0=G  

 2) H  is positive definite. 
Condition 1) is satisfied by Assumption 4). Hence, the grasp 
stability can be evaluated by Condition 2).  
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Table 1: Condition of contact friction (w/: with friction, w/o: without friction) 
Case between between object and  Hessian of the grasp Figure No.

 two objects Finger 1 Finger 2 Finger 3 Finger 4   
1 w/o w/o w/o w/o w/o fsfsfsfs HHHH 24231211 +++  5 

2 w/o w/ w/o w/o w/ frfsfsfr HHHH 24231211 +++  6 

3 w/o w/ w/ w/ w/ frfrfrfr HHHH 24231211 +++  7 

4 w/ w/o w/o w/o w/o Tfsfsfsfs AHHHHA )( 24231211 +++  8 

5 w/ w/ w/o w/o w/ Tfrfsfsfr AHHHHA )( 24231211 +++  9 

6 w/ w/ w/ w/ w/ Tfrfrfrfr AHHHHA )( 24231211 +++  10 
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Figure 5: Case 1 
 

0 20 40 60 80 100
Curvature kco

0
500
1000
1500
2000
2500
3000

seulavnegiE

(a) 

0 20 40 60 80 100
Curvature kco

-0.5
0

0.5
1

1.5
2

2.5
3

seulavnegiE

(b) 
Figure 6: Case 2 
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Figure 7: Case 3 
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Figure 8: Case 4 
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Figure 9: Case 5 
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Figure 10: Case 6 

 


