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Abstract

In this paper, we discuss stability of 3D grasps by us-
ing a three-dimensional spring model (3D spring model).
Many works described stability of frictionless grasp.
These works used a one-dimensional spring model (1D
spring model) for representation of frictionless contact
as a matter of course. However, 1D spring model in-
volves the following two problems. (i) Displacement of
finger is restricted to one dimension along the initial
normal at contact point. (ii) It is not clearly considered
that a finger generates contact force to the object along
the normal direction only. To overcome the problems
and provide accurate grasp stability, we introduce 3D
spring model. Then finger’s displacement is relaxed and
finger’s contact force is precisely formulated. We ana-
lyze grasp stability from the viewpoint of the potential
energy method. From numerical ezamples, we show that
there exists an optimum contact force for stable grasp.
Moreover, we also analyze frictional grasp by using con-
tact kinematics of pure rolling. By comparing frictional
grasp stability with frictionless one, we prove that fric-
tion enhances stability of grasp.

1 Introduction

A multifingered robot hand has potential ability of
fine and dexterous manipulation. Stability is the ten-
dency of a system to return to an equilibrium state
when displaced from this state. It is required for the
hand to maintain the grasp stable against external
disturbances. This paper discusses stability of three-
dimensional grasp.

Many works [1]-[7][9]-[12][14]-[21] explored stability
of grasps. Grasp stability depends on whether fric-
tion exists or not, because finger’s motion is different
as shown in Fig. 1.

1.1 Frictional Grasps

The following papers discussed frictional grasp stability.
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Figure 1: Difference of finger’s displacement between
frictionless contact and frictional contact for 2D grasp

Nguyen [14], Kaneko et al. [7] analyzed grasp sta-
bility by replacing a finger with a virtual spring model.
The stability is evaluated by positive definiteness of a
hessian of potential energy stored in the grasp system.
The hessian is called a grasp stiffness matrix.

Howard and Kumar [5], Funahashi et al. [4], Yamada
et al. [20], and Choi et al. [2] included curvature effect of
contact point. Sugar and Kumar [18] explored metrics of
robustness of errors. Svinin [19] derived range of contact
force for rotational stability.

Cutkosky and Kao [3] included the compliace of the
finger joints and provided a systematic method for de-
riving grasp stability. Howard and Kumar [6] explored
an enveloping grasp.

Montana [12], Shimoga [17], Xiong [21] discussed
dyamamic stability of the grasp.

1.2 Frictionless Grasps

When the hand grasps a cake of soap or a cube of ice,
a coefficient of contact friction is small. Hence, it is
important to analyze frictionless grasp stability.

Refs. [4] [5] [6] [14] also explored frcitionless grasp
stability. Rimon and Burdick [15], Lin et al. [9] [10]
presented systematic approach. These papers used 1D
spring model for representation of frictionless contact
as a matter of course (Fig. 2). However, these papers
did not consider that contact force act along the normal
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Figure 2: Difference of finger’s displacement betweem
1D spring model and 2D spring model for frictionless
2D grasp

direction, and tangential component of the contact force
is equal to zero when the grasped object is displaced.
Ref. [2] did not considered the effect of initial grasping
force.

To overcome the problems, Saha et al. [16] intro-
duced 2D spring model as shown in Fig.2(b) and ex-
plicitly formulated the frictionless contact force. Then,
more accurate evaluation of grasp stability was ob-
tained.

1.3 Approach of this paper

This paper discusses stability of 3D grasps, based on
Ref. [16]. 3D spring model is introduced into friction-
less 3D grasps. The frictionless contact force in 3D is
explicitly formulated. And grasp stability is determined
by the potential energy method. From numerical exam-
ples, it is shown that there exists a region of contact
force for stable grasp and an optimum contact force.
Moreover, frictional grasp stability is also investigated
by using contact kinematics of pure rolling. By com-
paring frictional grasp stability with frictionless one, we
prove that friction enhances stability of grasp.

2 Formulation

Suppose that an object is grasped by a multifingered
hand as shown in Fig.3. We explore stability of the

grasp.

2.1 Assumptions

In this paper, the following assumptions are considered.

(Al) The geometries of the fingertips and the ob-
ject are known and rigid. Finger is shaped a sphere
with curvature xy;. Local geometry of the object at
the contact point is shaped a second-order model with
primary curvatures r,; and kp; whose principal axes

Figure 4: Coordinate frame

are denoted by 7.; and r,;, respectively. (A2) Initial
configuration is known and is in equilibrium. (A3) In-
finitesimal displacement is occurred in the object due
to external disturbances. The displacement is denoted
by € = [z,v,2,&,1,¢]T. (A4) Finger’s displacement is
infinitesimal, and the relationship between finger’s dis-
placement and reaction force is replaced with 3D linear
spring model which is fixed at center of the fingertip as
shown in Fig.4. Stiffness of the spring is programmable.
One spring k,;(> 0) is set along the normal and the
others ky;(> 0) and k,;(> 0) are parallel to the tangent.
ky; and k.; are parallel to the primary curvatures rp;
and Kq;, respectively.

2.2 Notations

Reference coordinate and the i-th finger’s coordinate are
denoted by ¥ and X y;, respectively. Xy; is aligned with
the 3D spring model. = axis of X; is aligned with the
inward normal of the finger. Position and orientation of
> with respect to X, are denoted by x¢; and Ry; :=
[Pai, Tyi, T2i]. Contact position on the fingertip is given



by

COSUf; COSVf;

cosugsinvy; |, (1)
sinu g;

-1
cri(ugi) =Ky,
where uy; = [uy;, vfi]T is parameter of contact position
on the i-th finger. The inward unit normal at cy; is

nypi(wyi) == —rpicri(wyi). (2)
Object coordinate is denoted by X,. Y, is aligned with
the initial configuration of ¥,. When the object is dis-
placed by disturbances, position and orientation of X,
is given by

Ty = [25,% Z]T; Ro - ROt(fanv C)v (3)

where Rot(e) is a 3D rotation matrix. Object local co-
ordinate at contact point is represented by ¥,;. Contact
position of the object is ¢,;. Position and Orientation of
Y.0i with respect to ¥, is denoted by ¢; and R.;. Local
shape around the contact point is approximated by the
primary curvatures kq; and kp;.

Coi (ucz) =c¢; + Re;d; (uc,-), (4)
di(uci) = [uciv Veiy (Haiugi + Kbivgi)/Q}Tv (5)
Re; = [Tzi7 Tyi, _'r'gci]7 (6)

where u.; = [uci,vci]T is parameter of contact position
on the grasped object. The inward unit normal vector
is denoted by n;.

noi(uci) - (dzu ® dw)/”dzu ® di'u”

1 —Railei
= — T —KpiVei |, (7)
\/ Rgiles T Ky Ve + 1

where d;y, := 0d;/Ouc;, diyy/ = 0d; /Ov.i, and ® is cross
product.

2.3 Spring Compression

From kinematics of contact, we have the following two
equations. One is a condition of contact point.

To+ RoCoy = Ty + Rypjcyy (8)
Another is a condition of the normal direction.
Ronoi = _sznfz (9)

Due to object displacement €, compression of the vir-
tual spring is given by
6 =R} {xi(e) —xpi(0)}
=RE {20 + RoCoi + K7} Romoi — :(0)},  (10)
where note that §; = d;(e, u.;) because ¢,; and n,,; are
functions of u.;. The relationship between € and wu;

depends on whether friction exists or not. This rela-
tionship is described in Section 3.1 and 3.2.

2.4 Potential Energy

The initial contact force with respect to Xy; is ex-
pressed as f; = [fui, fyi» f2i]T. Initial compression
of the spring for the contact force f, is denoted by
507,' = [5xoi; 5yoi; 5zoi]T~

fi = Kiboi, K;:=diag[kyi, kyi, k2 (11)

The potential energy stored in the grasp system is given
by

n

1 T
Ule) =5 ;(Joi + ) Ki(80; +8:).  (12)
Performing Taylor’s expansion, the function U(e) can
be expressed as

1
U(e):U(O)+eTG+§eTHe+-~', (13)

where G and H are the gradient and the hessian, respec-
tively. The grasp system is stable at the initial configu-
ration if and only if the potential energy reaches a local
minimum. The function U(€) reaches a local minimum
if the following two conditions are satisfied.

(i) G =0,
(ii) H is positive difinite.

Condition (i) is satisfied by Assumption (A2). Hence,
we can evaluate grasp stability by eigenvalues of the
hessian. The hessian is so-called a grasp stiffness matrix.

Let us define V := 9/0¢, and we have the following
forms: G = VU|o, H = VVTU|o. From Eq. (12), the
hessian H is given by

H

H’L'7

n
=1

kwi(VOrilo) (Vowilo) + foi(VV T 02il0)
Fhyi(Vayil0) (Voyilo)" + fi(VV T dyio)
k=i (V62il0) (Vi) + f:(VVT6il0),  (14)
where, from Eq. (10),

Hil

.
V(5m|0 = ¢ ®IZ,’,I1:| ’
[ Tyi Kfi + Kbi
V|0 = yio DI R, ,
vilo i @y = en (Vveilo)
[ Tz Kfi + Kai
0ilo = _ _ ilo).
\Y% z7,|0 _Ci @1, — qu;lryi:| + Kpi (VUcz|0)

VVT6il0, VVT8yil0, VVT6,4|o are omitted because
they have long terms. In order to derive the hessian,
Vieilo and Vg lo must be derived. These derivatives
depend on whether friction exists or not.



3 Grasp Stability

3.1 Frictionless Grasp

In frictionless case, fy; = f.; = 0 because no tangential
force occurs. Contact force generated by the displace-
frictionless case, the direction of the contact force f;
is always along the normal direction at current contact
point. So we have the following conditions about contact
force.

ment of the fingertip is given by f;

sz(.fz + Kzéz) 1 Rocoin, Rfi(fz + Kz‘sz) 1 Rocoiv,

where ¢y, = 0Coi/0Uci and €piy = 0Coi/Ove; are tan-
gential vectors at the contact point. Hence, we have

(Rocoiu)T{Rfi(.fi + K;0;)} =0,
(Rocoiv)T{Rfi(fi + Kiéi)} =0. (15)

hui(ea 'u/ci) =
hm‘(ﬁ, 'u/ci) =
From the derivation of Appendix A, the hessian H is
given by

n
H? :z:(}‘rfz—’—l{9 +Hkx7,+Hktz) (16)
i=1
where the superscript ”s” means frictionless contact (i.e.

slip or slide). H$ i expresses an effect of the initial con-
tact force fg;.

03x3 [7'm‘®]T
[rei®]  1([ci®)] [rei®]” + [rei®] [ei®]")
(17)

H;i = f:ci

HZ, means an effect of the local curvatures at the con-
tact, Kai, ki, and Kp;. He — 0 if kg — 0, kps — 0,
Rfi — OQ.

'%bzﬂfz
— — Jxz
Kbi + Kfi

T
Tyi Tyi
X -1 -1
Ci QTy; + Ky T Ci QTy; + Ky T
RaiR fi

T
Tz Tzi
X —1 —1
C; Q Ty — Kyi Tyi C QTy — Ky Tyi
0 0

Jzr 18
+/§ﬁ {0 ryirgi—i-rzirﬂ (18)

HS

iz 15 an effect of normal stiffness kz;.

sl o

Hy,i = kg
ki e ®@Te | | i@y

Hp,, is an effect of tangential stiffness k,; and k.;.
Hp,, — 0if ky; — oo and k,; — oo.

2
1 (f _ Kbikifi )
RbiK fi xt . .
yl_fxiﬁbi-i-ﬁfi Hbz"‘”fz

s
Hkti—_

T
% Tyi Tyi
-1 -1
C; @ Tyi — Ry Tzi ci @ Tyi — Rp; Tzi

2
1 Kaik fi
Kailfi fxz - -
foKUJJ’,K/f" Haz"'ﬂfz

T
X Tzl 1 T‘Zl 1
CROT + Ky Tyi | |Ci QT+ Ky Tyi
(20)

From Appendix B, ky;, k.;, and f;; must be selected
from the following regions for stable grasp.

RbiR fi
Kbi + Kfi

RaiK fq
Kai + K#i

>0
(21)

Eq. (21) is satisfied if convex shape (ke < 0) is in contact
with concave shape (ke > 0), because of ky; > 0, k,; >
0, fei > 0. If Eq. (21) is satisfied, H},, is negative semi-
difinite (H},; < 0) . Hence Hj,, make unstable grasp.
However, stability can be made larger, if stiffness ky;
and k,; are stronger.

From Assumption (A4) about no rotation of finger-
tip, offset of the spring model from contact point does
not affect the hessian H.

We show the relationship among our result and pre-
vious works. Nguyen [14] discussed the case of kf; —
00, Kai — 0, Ky — 0,ky; — 00, k,; — oo. Hence, result
of Ref. [14] is expressed as

— foi———— >0 and k,; — fm

H]s\’guyen - H; + lex

Rimon and Burdick [15], Howard and Kumar [5], Funa-
hashi et al. [4] treated the case of k,; — 00,k,; — 0.
Consequently, their results are expressed as

S S S o S S S
HFunahashi’ HHoward? HRimon - Hf + Hc + Hkx'

3.2 Frictional Grasp

If each finger is in contact with the object with friction,
no slip occurs at the contact point. Then we have the
following condition of pure rolling.

Roéoi = szcfz (22)

Frictional grasp stability is formulated by considering
Egs. (9) and (22). From Appendix C, the hessian H" is
given by



n
H" = "(Hj, + Hj; + Hy,y + Hiyy), (23)
i=1
where
(0553 O3x3
H'r‘4 = N
v f;m _03><3 %(Ci’l'g;- + ’I‘M'CZT) - (C?Tml)fg
e [0353 033
Y 03xs  g(cird +ryicl) — (el'ryi)ls
ey [ 033 03x3
| 0sxs 3(eirt +rac]) = (cfr.)ls |
033 0343
HT, = ;
ct f;m _03><3 mryﬂ‘T + m’l’zi’!'g;
(033 O3x3
i | O3x3 —m(%ﬂ +Tyir)
[03x3 O3x3
e | O3x3 —m(rmrﬁ; +rairy) |
§ r . 1 [ r . T
ro ) Tt xi
Hipi =hi [Ci®@Tai | [Ci® Tﬂcz} 7
[ T, 1T T T
T Yy yr
Hpyi =kyi @y e ry2:|
§ 7’ . 1 [ r . T
k . 21 zZ
Tl [ Ci @72 | _Ci®'rz7:|

3.3 Effect of Friction

We make an effect of friction clear by comparing friction-
less grasp and frictional one under the same condition.
For this reason, let us set as fy; = f.; = 0. The differ-
ence of stability between frictionless grasp and frictional
one is given as

H%:= H" — H*, (24)
where
2 r . )
HY = i e
i T 7. £  _RbiRfi . o Rpidei g,
kyz - fzz Kbt i _61 @ Ty kyi(Kpitrgi) Tzi i
- 9T
ro
Yy
X Krifai
i O Tyi = Foilrpi b T =i |
k2. T2i
++ Kpif
Kailfi . ) LAY K T —
kzi - fzz Faitrfi Ci QT2 + kzi(Rait+ryfi) yz_
- 9T
% Tz
] ) Krifai )
_Cz ® Tz + kzi(’iui“rﬁfi)ryz i
(25)

H¢ is positive semi-difinite if Eq. (21) is satisfied. And
AH?) = —o0 if Eq. (21) is not satisfied, where A(e)
represents eingenvalues of e. Therefore, friction en-
hances grasp stability because frictional grasp stability
is greater than frictionless one.

4 Numerical Examples

Numerical examples show effects of spring stiffness and
contact force on the grasp stability. For a simple exam-
ple, we consider a symmetric 3-finger grasp such as

kyi = ko, kyi = ky, ki = ko, foi = fa,
Kai = Ka, Kb = Kp, K = Kf, 1=1,--+,n
[lC70 0]
co = [l cos(21/3), 1.sin(27/3), 0],

= [l cos(47/3),l.sin(47/3), 0],

Rfl = [razlv"'ylv"'zl] = Rz(o)v
Rso = R,(21/3), Ry3 = R.(4n/3),
cosf) —sinf 0
R.(0) = |sinf cosf® O
0 0 1

In case of frictionless grasp, the hessian H is given
as

= diag[HfhH52aH§3aHZ4aH§5aHg6]7 (26)
3 k me JrK 3
HYy = H3y = — (‘) 75*%*& + 5k,
2/ ky —fxﬁmef 2
. ke for frh
Hiz = — LT
Z xﬁa,“l‘ﬁf
Hj, = Hgs
_ (3) (le = tig ) {k=(le + ’ile) — futfa H’Zaf,iff
- 5 Rak )
2 kz - fmfia“rfff

(le — ﬁgl){ky(lc + ’ﬁjl) -

_ RpKf
ky fm Kptrf

KpK
Ry

Hgg =3

In case of frictional grasp, the hessian H" is obtained
as

H" = diag[H{,, H3,, H3s, Hjy, Hgs, Heg), (27)
Hiy = Hyy = 3(kz + ky) /2,
Hgy = 3k,
Hy, = Hgs = ; (kzl2 Jale + afTHf>
His =3 (kyzz — fale + fo ) :
Kp + Kf

Note that, in this example, k, is included in Hiq,
HQQ, H@g and kz is included in 1{337 H44, H55.
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Figure 5: Effect of spring stiffness k,

4.1 Effect of Spring Stiffness £, and k.

Fig.5 shows an effect of spring stiffness k,, k. on Hi1,
HQQ, H66 when km = 1.0, fz = 1.0, lc = 0.1 and

Grasp (I) kg = kp = 1/0.02, k5 =1/0.02,
Grasp (II) ko = Ky = —1/0.04, Ky =1/0.02,
Grasp (ITI) ko, = kp = 1/0.02, Ky = —1/0.04.

Since Hss, Hy4, Hs5 are similar to Fig.5, we omit them.
In case of Grasp (I), the range of k, < 25 or k, < 25
does not satisfy Eq. (21). Grasp (I) is unstable for any
stiffness of k£, and k., because both finger and object are
convex. Grasp (II) and (IIT) become unstable if spring
stiffness is small. The range of spring stiffness, which
makes the hessian positive definiteness and makes the
grasp stable, depend on whether friction exists or not.
In case of frictionless contact, k, and &k, must be selected
from

kg > fu/(e+R7Y), K> fof(le+577).
In case of frictional contact, k, and k., must be selected

from

clkp+rp) =1,

r l lc(lia+lif)—1
ky > fa 20+ rp) kL > fo—m—".

2(Ka + Ky)

4.2 Effect of Contact Force f,

Fig.6 shows an effect of contact force f, on Hy1, Hos,
and Hgg of Grasp (II). There exists contact force which

1D spring model

1D spring model
0 1.0

50 B with friction

ky =30
=20 "X < withfricion

s =10 NS Witho jction™ <

Contact force f, Contact force f,

Figure 6: Effect of contact force f, for Grasp (II)

makes unstable grasp about rotation. For this reason,
we must obtain the range which makes stable grasp. In
case of frictionless contact, f, must be selected from

0 < fJ < min{k,(l. + /@171), k.(le + /@171)}. (28)
In case of frictional contact, f, must be selected from

kol3(ha + k) kyl2 (s + ky)
(o +rp) =1 le(kp+rp)—1

0<f£<min{l

1 (29)

There exists contact force which maximizes rotational
grasp stability. From 0H},/0f, = 0 and 0Hggz/0f, =0,
it is given at

2= e (st o v )1 L))

2=ty (o5 g g g0 L))

5 Conclusions

This paper discussed stability of 3D grasps from the
viewpoint of potential energy method.

We introduced 3D spring model into frictionless 3D
grasps in order to obtain accurate grasp stability. The
relation between object’s displacement and finger’s one
is derived. It was precisely formulated that a finger gen-
erates contact force along the normal direction at cur-
rent contact point. The hessian H® is obtained, and
the frictionless grasp stability is evaluated by the eigen-
values of H®. The conditions of ky;, k.;, fz; for stable
grasp is also provided. From numerical examples, we
showed that there exist the range of contact force for
stable grasp and an optimum contact force.

Moreover, in frictional case, the hessian H" is estab-
lished by using contact kinematcs of pure rolling. It is
proved that friction enhances grasp stability by compar-
ing frictional grasp stability with frictionless one.

If a coefficient of contact friction is unknown, the
grasp is assumed to be frictionless one. The grasp is
made stable by using the eigenvalues of H®. Then, it



is guaranteed that the grasp is stable, whether friction
exists or not.

While Kerr and Roth [8] and Nakamura et al. [13]
reduced the problem of determining optimum contact
force to a linear or nomlinear programming problem,
our analysis about frictionless grasp suggested that op-
timum contact force can be determined from the view-
point of the grasp stability.
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Appendix A: Frictionless Grasp
From Eq. (15), we have

Vhy + 5‘Tcivum + aTCiVUcz =0,
Vi + iy, 1+ Pigy, o,
auci avci

Then Vu.; and Vu,; are formulated as

QUi QUi
Ohayi Ohyi
8’[}67; 8’[}67;

[Vuci vvci ] = _[ th’b

Ohui  Ohyi -1
Vhoi]

Considering initial conditions yields
1

vuci =
o Kaikfifei — (Kai + Kypi)kzi
T 0
’LkZ’L = iJxi T kzi )
[t otk [ 2]
1

vvci =

o Kbiki fi fri — (Kbi + Kpi) Ky

I Tyi _ AN I
Joelum ] 2]



Substituting the above equations into Véy;|o and Vd.;o
yields

KbiKfi f .
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In a similar way, we have
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vaézmh) - |:0 1 [ H’r‘m@)] + [rzi®] [CZ®D:|

2
1 T T
kb < wlad
Kpi | Tzi T‘zt Kai | Tyi Tyi

KbiKfi
KbitKfq ?ﬂ

(kyz %fmp

T
% Tyi Tyi
1 1
Ci®Tyi — 5 -Tai | |[CiQOTyi — =Tz

Kaikfi 7.2
Kaitkfi 20

(et — 2 o

TZZ TZZ T
8 |:Ci @ T2+ %Ty1:| |:Ci QT2 + %Tyz:|
Appendix B: Eq. (21)

The term gZ’ff‘ represents relationship between contact
position and contact force. This relation is illustrated in
Fig. 7. Hence, we have the following three conditions.

Ohuyi
(a) if kg > 0,k > 0 then aucz > 0,
Ohuyi
(b) if Kk < 0,k > 0 then (% >0
hui
(c) if kg > 0,Kk¢ < 0 then e, lo <0,
where

Rai K
E = "@fi("ffi + "fai) {kzi - S f;m} .

Kai + Rfi
From these conditions, k.; and f,; are restricted to

RaiR fi

k. — et
= Rai + Kfi

fui > 0. (30)

In a similar way, from 2 d kyZ and f,; are restricted to

Kbik fi
kyi — ———— fi > 0. 31
’ W+Wf (31)
If Egs. (30) and/or (31) are not satisfied, the grasp is
unstable, and eigenvalues of the hessian H}},; are infinity
(MHy,;) = —0).

Finger

Object p

Fingerr— —

Object Object

Fingerr—

@ «.>0k;>0 (b) k,<0k; >0 (C) k,>0,k; <0

Figure 7: Relationship between finger’s motion and con-
tact force

Appendix C: Frictional Grasp

In frictional case, the first and the second derivatives of
Uiy Vi 18 given by

03 03
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Then the derivative of 6., dyi, and 0,; are derived as
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