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Definitions & Notations
L : oriented link in S3, D : diagram of L on S2

(D) i { | h i i f Du(D) := min{n | changing some n crossings of D
yields a trivial link diagram}

u(L) := min{u(D) | D : diagram of L}
: mutual crossingex. L : Whitehead link gex. L : Whitehead link

D : D’ :

u(D) = 2 u(D’) = 1
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u(L) = 1



Folklore
c(D) : the number of crossings in D
(L) i { (D) | D di f L}c(L) := min{c(D) | D : diagram of L}

D is a minimal diagram of L ⇔ c(D) = c(L)

Proposition 1
)()( LcDc

2
)()(,

2
)()()( LcLuDcDuLu  　

if D i di f li k Lif D is a diagram of a link L

1)(1)(  KcDc

if D is a diagram of a knot K
2

1)()(,
2

1)()()( 
KcKuDcDuKu
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if D is a diagram of a knot K



Known Results
Theorem 1 [Taniyama, 2008]
L ∪ ∪ ∪ t li kL = 1∪ 2 ∪…∪  : -component link

D : diagram of L with )()( DcDu g

⇒each i is a simple closed curve and
2

)(

subdiagram i∪j (1≦ i ＜ j ≦ ) is an alternating 
diagram or a diagram without crossings.

Note that the diagram i∪j (1≦ i＜ j ≦ ) 
i l iti di ti di
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is also a positive diagram or a negative diagram.



Known Results
ex.

subdiagrams :subdiagrams :
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Known Results
Theorem 2 [Taniyama, 2008]

)(LcL : link with 
2

)()( LcLu 

)(D
⇒ L has a diagram D with

2
)()( DcDu 

In addition, it holds that for any minimal diagram D

of L,                        .
2

)()( DcDu 
2
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Known Results
Theorem 3 [Taniyama, 2008]
D di f k t ith

1)()( DcDuD : diagram of a knot with
⇒ D is one of the diagrams as

2
)( Du

Note that each diagram is an alternating positive 
di lt ti ti di
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diagram or an alternating negative diagram.



Known Results
Theorem 4 [Taniyama, 2008]

1)(KcK : knot with 
2

1)()( 


KcKu

1)(D
⇒ K has a diagram D with

2
1)()( 


DcDu
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Main Result
Main Theorem
L ∪ ∪ ∪ t li k D di f LL = 1∪ 2 ∪…∪  : -component link, D : diagram of L

1)()( 


DcDu

⇔ just one component of D is one of  the diagrams as
2

)(Du

, the other components are simple closed curves
, and the mutual crossings of subdiagram i∪j (1≦i＜
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j
j≦) are all positive, all negative, or nothing.



Main Result
ex.

-
- +

-
-

+ + 

+ +
+ + 

+ + + + 

th bdi
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the subdiagrams



Characterization
Corollary 1

1)( Lc
L : link with 

2
1)()( 

LcLu

1)(D
⇒ L has a diagram D with

2
1)()( 


DcDu
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Proof of Corollary 1
D : a minimal diagram of L, that is, c(D) = c(L)

1)(1)()( DcLcDc
2

1)(
2

1)()()(
2

)( 





DcLcLuDuDc

Here, c(L) is odd, and so is c(D).

We never admit )()( DcDu We never admit                        .

Therefore ■

2
)(Du 

1)()( DcDTherefore,                             . ■
2
)()( Du

Knots in Washington XXVIIJanuary 9-11, 2009 12



On the following slides

First we introduce corollaries on diagrams D with 

by Theorems 1 and 2 and Main Theorem.
2

1)()( 


DcDu

Last we introduce a corollary and problems on the 
relations between unknotting number and minimalrelations between unknotting number and minimal 
diagrams from the corollaries obtained above.
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Corollary 2
Corollary 2

1)(Dc
D : diagram with 

2
1)()( 


DcDu

⇒ D represents the link L with u(L) = u(D)

Proof. It follows from the signature and linking 
number of the links presented by D in Theorems 1number of the links presented by D in Theorems 1 
and 2 and Main Theorem. ■
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Remark
∃D : diagram with

2
2)()( 


DcDu

which represents the link L with u(L)≠u(D)
2

ex.

DD : ～

u(L) = 1
2

262)( 
Du ( )

2
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Corollary 3
Corollary 3

1)(DcD : diagram with 
2

1)()( 


DcDu

L : the link represented by D
⇒ c(D)－1 ≦ c(L) ≦ c(D)

ex.                             and  c(D)－1 = c(L) 
2

1)()( 


DcDu
2

～D :
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Corollary 4
Corollary 4

1)(Dc
D : diagram with 

2
1)()( 


DcDu

L : the link represented by D

⇒ or 1)()( 


LcLu)()( LcLu ⇒ or
2

)( Lu
2

)(Lu 
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Relations between unknotting g
number and minimal diagrams

∃K : knot which has no minimal diagrams D with 
u(D) ＝ u(K)u(D) u(K)

ex. [Nakanishi, 1983] and [Bleiler, 1984]

K : P(5 1 4) (=108)K : P(5,1,4) ( 108)

u(K) = 2 = u(D’) 

u(D) = 3
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D : the minimal diagram D’ 



Relations between unknotting g
number and minimal diagrams

∃L : link which has no minimal diagrams D with 
u(D) ＝ u(L)u(D) u(L)

ex. 

L : P(4,1,4)( , , )

u(K) = 2 = u(D’)

u(D) = 3 D : the minimal diagram D’ 
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Corollary 5
Corollary 5

2)(LcL : link with 
2

2)()( 


LcLu

D : a minimal diagram of L, that is, c(D) = c(L)
⇒ u(D) = u(L)
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Proof of Corollary 5

If                           , it follows from Theorem 2 and the 1)()( 


LcLu ,

proof of Corollary 1.
2

)(

p y

If by Corollary 4 2)()( 


DcD2)()( LcLIf                           , by Corollary 4,                             . 
2
)()( Du

2)(2)(2)( LDL

2
)()( Lu

Therefore,                                                                   .■
2

2)(
2

2)()()(
2

2)( 





 LcDcDuLuLc
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Problem
Problem 1
Fi d i i b h th tFind minimum number n such that

∃K : knot with )()( nKcKu 
: ot w t

which has no minimal diagrams D with u(D) = u(K)
2

)(Ku

We see from Corollary 5 and a P(5 1 4) knot KWe see from Corollary 5 and a P(5,1,4) knot K

with                              that  3 ≦ n ≦ 6.
2

6102)( 
Ku

2
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Problem
Problem 2
Fi d i i b h th tFind minimum number n such that

∃L : link with )()( nLcLu 
: w t

which has no minimal diagrams D with u(D) = u(L)
2

)(u

We see from Corollary 5 and a P(4 1 4) link LWe see from Corollary 5 and a P(4,1,4) link L

with                             that  3 ≦ n ≦ 5.
2

592)( 
Lu

2
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Thank you for listeningThank you for listening
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