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U1 oot

gboboobooboobooobooboooobooboooboooooboobOooooooobooboooo
gbobgoboobobobooboboboboobooboobooooooboobboboboboboooon
gboboooboobogo 000000000 000b00bO0b00bOO0bOO0O0O0O0bOOoO00OO0O0bO0ODbO0On
goboooboobbogooboobbooboboooboooboobbooboboboobbooobo
gboboboboooboooooobooooooooobooobooboboOobobOobooboboboOoboboon
goboooboobbgobboobbooboboobbooboooboobboboboobboobo
gbooobooboobobobooboboobboboooobboboooboobooboobooboboo
bobobobobooooboobooooooobooooboooobobOobOobOobOoboOoboboOon
gbobooboooboobooboobooboobono

1.1 1000000god

00100000000000000:0000000000000000 200000000000
000000000000000000000000000000000000000000 (sample) O
O000000000000000000000000000000 XO0000000000000 XO
00000000000000000000000000000000000000000000000
O0D0000000000D0000000 X0 X<2000000 Px(x)00D0000000000OD0O
000 (probability distribution) 000000000000 Px(x)0 x0000000000000000
px(2) = £ Px(z) 000 0px(2) 00 [ px(e)dz 0 21 < X <2, 0000000000000X000
0000 (probability density distribution) 00000000 XO0O0O00O00O0 0000000000
O00px(z)00000000000000000000 X0O0O000000 px(x)0000000000

0000 X00DO00D0DO00000 px(x)0000000000000000000000000000
000000D00000000000000000000000000000000000000000
O000000000000000000000000000000000000000000 x000
c?000000000000000000

u /Ooxpx(x)dx (1.1)

— 00

o? = /Oo(x —1)’px(z) dx (1.2)

— 00

px(z)000000000000000000 w000 «20000000000000000000000
000000000000000000000000000000000000000000000000
00000000000000000000000000O00O0O0O0O0O0 0000000 200000
000000000000000000000000

0 (1.1),(1.2) 0000000000000 o, (z—p)?2000 00000000000 gz 00000



000000 px(z)D0O00O0ODO0OODOO

Blg(X)] = / o(@)px (@)de (1.3)

— 00

00000000000 0000Og(X)O0OO0O (expectation, expected value) 0000000000
px(x) 0000000000000 O000OO00O00O0O0O0O0O 200000000000

0000000000000000000 2()00000000000 e ® 000000000000
000¢0 z02(¢) 0 px(z)0e ™' 0 g(z) 000000000000¢(X)00000 px(z)00000
00 g¢(x)0000000000000

g(z)=z00000000 XO00OO0OOO0O x00000000g(z)=2"0000000 X"0000

mnEE[X"]:/ 2"px (z) dz, n=12...

— 00

O0XO 000000 (nth order moment) 0000000000 mg=1,m =p0000
000g(z) = (z—p)?000000000(X—x)?000000X00000000000¢(z) = (z—u)"
00000000 (X —w)"0000

oo

Cr = BIX ~ ") = [ (o= )"px(o) do

—00

O0XO»00O0O0O0O0OOO (nth order central moment) 0000 0020000000000
Cy = EB[X? —2Xpu+ p?] = B[X?] = 2E[X|u+ E[X])* = mg — m?
oboooooboooooobobs3sooooboooon
03:m3—3m2m1+2m§

0000000000000 00000000000000000 (skewness) 000000000040
ooooooooo

Cy = my —4dmsmq + 6m2m% — 3mi1

00000000000000000000000000000 (fatness) 000000n0000000
n000000000 00000000
O00O0g(x)=e*00000000 o(s)=E[eX]000000000e* 0 s00000000000

goooo
1

1
esz:1+sx+5(sx)2+§(sx)3+--~
goooog
1
3!

= 1+sE[X]+ ls2E[X2] + %33E[X3] oo

o(s) = E[1+sx+%(sx’)2+ (sx)u...}



00o00oo0o0ob0o0 sdn0O00000Os=00000

8?1

Pon (s) s:o:mm n=20,1,2,...
goooxag nDDDDDDDDDDDDDDDDDDDl:ll:ll:ll]l:l(p(s)ZE[eSX]DDDDDDDDDD
(moment generating function) 0000000 0g(z) =e*000000g(x) =e** 000000000
Ee*X|00000000000000000000000FE[*X]00000 (characteristic function) 00
0000000000 px(x)0DOOOO E[eiSX]|:|Dl:ll:ll:ll:ll:ll:lDDDDDDDDDDDDDDDDDD

00000000000 loge(s) DOODOO0OO0OOO0O (cumulant generating function) 00 0000

00000000000 logep(s)0 s0O0000O000D0O0O0D0OO0O0O0OOOOO
o0
Ck
log ¢(s :Zk_ (1.5)
k=0

O00O0c¢, £=0,1,2,..00k0000000 (cumulant) 0000000000000 O0 00000
s=0000000000000000

1
8 n Oggp( ) S:O’ n: 0) 172)"'
0 (15 0000s0000000
1 8 > Ck k—1
9 ols) = - 1.6
() B o(s) ;(k_l)!s (1.6)
00000000 (14)0000 s0000000
o~ M g
:Z(k—l)!Sk 1 .7)

k=1

00000 (1.4)00 (1.7)00 (160000000

= mi 1 = Ck
2 (k — 1)!5k - (; (k —

k=1

_1><oo W k)
i

kOk

obobooboobo0o sboboboobobooooobooooboooon

n—1 n—1
My =C1Mn—1 + (| Jemna -+ Jenm1ma + e, n=12,...

gbooooobooooooboon

mi c1 1 0 0 0
msa C2 mi 1 0 0
m=| ms |, c=| ¢ |, A=| mz 2m; 1 0
my Cq mg 3mo 3mp 1
goooad
m = Ac



gboboobooboobooboboobo

c=A"'m
gooooooooooo
1 0 0 O
-1 1 0 0
B=| “2c - 0
—3c3 —3ca —c1 1

googon

c=Bm

gbooobooooooobooooooo

m=B ¢
ooo0o0oooobOo0ooooooobOo0oooooooOoObDOooooooobooooon

Ct =my
_ 2
Co = Mo my
c3 = m3 — 3momy + 2m?

cy = my — dmgmq — Smg + 12m2m% — 6m‘11

myp = C1
Mo = CQ“‘C%
ms3 = c3 + 3cica + ¢}

my = Cq4 — 305 +4cic3 + 60%02 + c‘ll

ooboooooooboliooooooooogpb20030000000000000 200300000
gboooboooodg

1.2 200000000000

ooo0oooUo 20 (#y) 0000000000 O0O0OOOOOOOOOOODOOOOODOOOOODO XY
D0000X<200Y <yOO00000 Pyy(z,y) 000000000Pyy(z,y)002000000
O00000000000000 (joint probability distribution) 000000 Pxy(z,y) 0 2,y 0000 2
DDDDDDDDDDDDDpx7y($,y)E%%Px,y(m,y)ﬂDZDDDDDDDDDDDDDDDDDDD
00000 (joint probability density distribution) 00000 X 0000000 px(x)DY ODOODODO
O0py(y) D0O0ODO0ODO0OO0O0O000OO0DOODO0OO00O0DDO0O0O0O00000 pxy(r,y)ODOODO
oo
oo
px@ = [ pxy(eudy (1)

—00

i - "y () (1.9)

—00



0000000000000000000000 px,y(z,y) D0D000 (marginal distribtution) 00 0 O
gbbooooboooooboboobobooooboooo

pxy(z,y) = px(x)py (y) (1.10)

00000000000000 X,YOOO (independent) 0000 000000YOOODO0O yOOOO
o000 XDOoOoooooooxoobooo«O0OD0OO0O00ODOOO0YOOOODODDOOODODOOO

pxy(z,9)

pxy(zly) = EYOR (1.11)
pyix(ylr) = Z%(é’)w (1.12)

O000000000pxy(zly)0pyx(yle) 000000000 DO0O (conditional probability density distri-

bution) 10000 X,y 0000000000000000 px(z),py(y) 000000
DDDDDDDDDDDDDDDDDDDDDDDDpX7y(x,y)DDDDDDDDlDDDDDDDD

|:||:||:||:||:||:||:||:||:||:|px7y(m,y)|:||:||:||:| 20000 ¢g(z,y) DOO0ODODOOO ¢g(X,Y)OOODO

Blg(x.v) = [ h / " g ypxy (@ y)dady (1.13)

00000000000000000000000000g(z,y)=20g(z,y)=y00000000000

ix / / epxy (@, y)dedy = / px (@)de (1.14)

wy

/ / ypx,y(x,y)dxdy=/ ypy (y)dy (1.15)

0000X,yO0OOOOOOO0OO0O0O0000Og(z,y) = (z—px)?0g(z,y)=y—py)?00000000
ooo

&3 /_Oo/_oo(l“ — x)’pxy (¢, y)dedy = /_Oo(x — ux)?’px (z)dz (1.16)

ot [m[w(y — uy)’px.y (z,y)dady = /jo(y — uy)2py (y)dy (1.17)

0o0o0o0X,Yooooooooooboooooo

gboooboool1oooboboboobooooboobooobooboboooooooboboboooon
XOOoooOhoobooboooboyooooooooooobooboooooooooooooooo
O0000g(z,y) =2y00000 g(z,y) = (z—pux)(y—pny) 000000000000

Rey = EXY)= [ [ aupxy (e sy (1.18)

Cxy = E[(X - px)(Y —py)] = / N / e — i)y — i )pxy (s y)dedy (119)

0000XO0YOoOoOooo (correlation)d0 00 (covariance) 10000000 Rxy =00000X,Y OO
O (orthogona) D000 OD0O0O0DODO0OEXY]|=EX|EY|00D00D000X,YOOOO (uncorrelated)
gooooboobobogd

Cxy = E[(X = px)(Y — py)] = E[XY] — py E[X] = ux E[Y] + pxpy =0



oobooXx,yogooooboo

o0 o0 o0

Ryy = E[XY] = / yfxy (@, y)dedy = / ey (@) / yfv (y)dy = EIX]E]Y]

— 00 — 00 — 00

000000X,YOOOOOOoOO0OO000X,YyOoOouoo CxyOOOOODOOOOOOOOOOOO

C
pPXyYy = —— (1.20)
O00[-1,1]000000000 (correlation coefficient) 0 0000 00000000000

EXkyn=k k=0,1,...,n (1.21)
E[(X_NX)k(Y_MY)nik]v k:O,].,,TL (122)

000000 X, YO nOOOOOOOO (Joint moment)On 0000000000 (joint central moment)
ooooool10o000boOob00ooXx,Yooooooooo20000000000000X,YO O
gogooooobobboooooooooboonbbobb b oo DDOOO RO
goooooo

10000000000g(z,y) =e*=**+000000¢(se,8,) = Ele=X+%Y]002000000 X,Y
0000000000000000Oes=* sy 0000000000000

eSMJrSyy:1+(5wx+syy)+%(swx"'syy)Z—'—%(swx"'syy)B‘F"'

gooooo

1 1
©(8z,8y) = E{l + (s X +5,Y) + E(SIX + syY)2 + g(sz + syY)3 + - }
= 14 s,E[X]+s,E[Y]

1
+5 (siE[XQ] +S2E[V?) + 23IsyE[XY])

1
+3 (siE[X?’] + 3525, E[X2Y] + 35,52 E[XY?] + s‘ZE[Y3])
L (1.23)

00000 (1.23) 0000 s,,5, 0000008, =5,=00000

EX] = -2 (50, 5,)

0
ElY] = 87@(%75@;)
)

8873 Sp=5y= Sp=5y=
) 82 x y 0 82 x y 0
E[X?] = =— (s, EXY]| = @
[ ] 85% QD(S sy) semsy=0 [ ] 853;83/ 80(8 Sy) spmsy=0

2 82
BV = olos)
88121 Sz =54=0
0000X,YOOOOOOOOOO0O00O0O0O0Og(z,y)=e=*Tv000000g¢g(z,y) = eS=o5¥) O
000 Elt=X+)]0020000000000000

1000000000000000000 ¢(s2,sy) 000 loge(s.,s,) DO0O0O0O0DOODO

log p(Sz,Sy) = C+casSy+cysSy

1
+§(cmsi + 2¢uy 825y + cyysz)

o (Cone® 4 Beanyss, + 3 o+ Cyyysy)
3 CozzSy CraySySy CayySzSy + CyyySy

N (1.24)



000 (Coy,Ceay 00)000000000000000 (1.23) 000 (84, 8y)|s=s,—0 = 1000000
000 0logg(ss, 8y)|s,=s,—0 =000000000000 (1.24)000¢=00000000000
000X, YyO0DOOOOOOOOOOo

o0
©(52,8y) = / e* Pt p e v (x, y)dudy

— 00

_ / ¢ ()da / e Vpy (y)dy

— 00 — 00

= ¢(s2)p(sy) (1.25)

gboooboobobobobooboobooboboboobooboobobboboobooboooa
X,yooooooooboooooooooooo

log (52, sy) = logp(s2) +logp(sy)
goooooboooooboboboooobobooooboboooXx,yoooooooo

log p(sz,Sy) = €Sz +CySy

1
+§(Cm5§ + nysz)

1
+§ (Cwmsg + nyysg)

1
"‘E(Cmmwsi + nynyAyl) + (1.26)

gboooboobodobobobobobobobobobooobooobobobooooooboooooon
gbobooooboooobooboooobobooboobobooooOobooon
gboboobooboobuooboooooobobobooboobobb s, b0bobbon
1 0

@(Sm, Sy) 8—593<p(5$7 Sy)

D5, log (84, 5y) =

oooooa 5 p
o8z, sy)a— log (54, sy) = 8—83390(8307874)

Sz

00000000 (1.23)00 (1.24)00000s,,s, 0000000000000000s,000000s,
0020000s,0020000s,0s,002000000000000000000000

Cx :E[X]v Cy:E[Y]a

cex = E[X? — E[X)?, ¢,y = E[Y? - E[Y)?, ¢, = E[XY] - E[X]E[Y],

ez = E[X%] = 3E[X?E[X] +2E[X]?, ¢,y = E[Y?] = 3E[Y?|E[Y] +2E[Y]?,

cray = E[X?Y] - 2E[X|E[XY] — E[X?E[Y] + 2E[X]2E]Y],

cryy = E[XY?| - 2E[XY]E[Y] — E[X|E[Y?] +2E[X]E[Y]?, ...
000000000000 ¢, ¢y, Ca, Cyys Cozas Cyyy D00 010000000000000000000
000o00oo0oooo

1.3 0O0oobuobbooon

200000000000NOO0D00ODODO Xy,...,Xy00OOOOOoooOOoooOOoOOOoOooooooDO
gboboobooobooboobobooboobo

ce, = E[X)], Vie{l,2,...,N}

i



Coe, = BIXiX;]— E[X))E[X;], Vije{l,2,.. . N}
Cowjar, = BXiX;Xy] - BIXG]E[X; X3] — E[XG]E[Xi X)] — E[X3] E[X X}]

(1.27)

1,5,k00002000000000020000000000000000000DO0O0DODOOODAO
goooboo3boboboobooooobooliboobooboooooobooooobooDb20000000
0ooooX, X;, X, 02000000000000000000000000000000 ¢4,4,2, 00
goooooboboo

0000000000000000000000000000 == (zy,...,zy)T0000000000
0X=(X,Xe,...,. X)) 000000000000000000200000000000000000
goooooboboo

2
B ox, COxix, -~ COxyxy
2
120.¢) CX17X2 0Xx, CXz,XN
Ux = . ) Cx =
2
PX Cxixn Cxoxy o0 Oxy

00000000000 CxO0O0O0000000 (variance covariance matrix) 00000000

1.4 0O00O0OO0O0OO

0000000000000 00000000 px(xz) 0000000000000 O0OOODOOOOO
00000000000000000000000000 w,e?200000000000000

Tz — )2
px(w)=\/21r76xr><—%> (1.28)

00 00062000000 N(ge?)0OO00O0O0D00 N(pe?)0000000 XO00OOOOODOOO

@(s) 00
/ Zexp<—<ax2 be+¢))dr = \/E exp < . )

0.2
p(s) = exp(us + =57 (1.29)

gboooboooooon

0000000000000 lege(s)D000OO0O00O0OOOOO
2

log p(s) = us + %82 (1.30)

00000 (1500 (1.30)0000000o0oo0oooooooo30oo0oooooooonn
0000000000000 00000000000U00Or=000000 (1.29)0 TaylorOO O OO
(l4)00o0oooooooo

0 is odd
c,o =1 no (1.31)
1-3:5---(n—1)o", n is even



gooooooogoon
gboooboboooooboooooogd

1 1
pr() = e (5 - Ol ) (1.32)

NOOODOODO X1, X,,..., Xy00O0Oooooooobooooooooooog

NN
log p(s1,...,SN ZMX,SJ 522 X;,Xi 555k
=1 k=1

0000000000000 01000000000000000 (¢; =px,)0200000000000
000000 (e =Cx;,x,) 0000000 0000000100000000 00000000000
ooooo

o 1 X
E[Xj, - X5] = Js Os exp(g Z Z Cxi, X, 8 Sk)
I Tk i=1 k=1 S1= 5N =0
0, k : odd number
= Z H Clim, Kk :even number (1.33)

(l7m)
oooooooo) [[ 00s,....50 k20000 (,m)0000000000000000000

(l7m)
gbobooooboooooboboobooboooobooooobo40b0000DbO

E[X1X2X3X4] = CX1,X2CX3,X4 + CX1,X3CX2,X4 + CX17X4CX2,X3

gobooooboobbooobooobo3sboooboooooooo200bo0o0oooobo0ooobooooDooog
200000000000 0O000O000O0D00

00p000 0200000 XO0O(X—pw)/c00000000000 0000 10000000000
Oo000 100000 XO0UO0O0OOOoooooOO px(x)00O0OOOO N(O,)OOODOOOO

| @@ - { S ’;;Z (1.34)

000000000 Hy(z), k=0,1,...0000

=Y hoHy(2)p() (1.35)
n=0

O000000o0o0oooodpx) 000000 N(O,)ODOOOH,(x)DO0DO00D0OOO0O0ODODOODO
00000000 (Hermite polynomial) 0000000000000 OO0OO

Hy,1(x) =aH,(x) — nHy,_1(x)

10



gboooobogood

Hy(z) =1

Hi(z) ==

Hy(z) =2% -1

Hi(z) = 2® — 3x

Hy(z) =2* — 622 +3 (1.36)
Hs(z) = 2% — 1023 + 152

Hg(z) = 2% — 152% + 4522 — 15

0000
0000000 h 0000000000000 (1.35)0000 He(z) 000020000 [—o0,00] O
0oooooooo

00000 (1.34)0000000k#4#n00000000000000000Kk=n00 kK0ODO00ODOOO
OOoooooogd a0

hy, = %/O; Hy(z)px (x)dx

0000000 He(x)OOO (1.36) 0000000000000 00O0O0OOOOO0O

ho = 1
hy = 0
hy = 0
1
hs = 5Cs
1
ha = 5(Ci—3)
1
hs = £(Cs+10Cs)
1
he = —(Ce—15Cs+ 30)

6!

0000000000000000000000000000000000000000 (Gram-Charlier
expansion) 0 000

11



20 UOO0O0O0OO

21 0JOoooood

000000000000000 (00)000000000000000000000000000000
0000o000o0oO0o0oo0oo0oOoU0o00oO00oOUo0oUo0oUoooOooUOo@Wo)Dooo
gogboogobooobbuooobboooboobobobooobbooobbobooobbooooob D
gobooooboooooboooboooboobobooooooooboobboooboboooboOooboOoon
0000000000000 00000000000000000000D0000000 (estimation) 00O
00000000000000 (estimated value) 0000 0000000000000 0O0OOOOOO
(estimator) 00000000000 ODOAO0DDOOOOOOOOOOOOOODOOOODOOOAOIOOOO
él:lDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDBE(@l,...,HL)T
gobooboboobooboboooboooboooobooooooo0oooboooooooooooboon
googoobbbooooooboboo

0000000000000040 HDDDDDDDDDDDDDDDDDDDDDD|:||:|él<9<éu|:||:|
000000000000 0000000 (point estimation) 0000000000 (interval estimation)
gooooooooboobboooooooobbbboooogbbboo

00000000000 0000000000000 0000000 A0D000000000000
0000000000000 00000000000000 (consistency)d 000 (unbiasness)0d 0 0 0O
(efficiency) D0 O OOOO
[00O0]0 NODOOO a1,29,...,ay 00000000000 6N 000000000000 NOOODO
0000000 6N 0000000000000 0000000000000000000000e>0
goooo

]\;iirlmProb[|é(N)—9|<€]=1 (2.1)

0000000000000 Preb[|0000000000000000000000000000000
000000000000
lim E[§™N)] =0, lim Var[d™] =0 (2.2)
N—o0

N—o00

00000000 Var[]OOOOOOO
[000]000000000000000000000000000 40000000 00000000
0000000 z1,29,...,zy 0000000

E0M] =6, VN (2.3)
0000000000000000000000000000000
lim E[H™N] =0 (2.4)

N—o00

O00000000000000 (asymptotical unbiasness) 0 000000

12



[D00]000060000000000000000000000DN00N0N00D Covif]O 23000
000000000000 (Cramér-Rao’s lower bound) D00 000000000000 O0OOOO

[001)0000 0000 020000000000 X0NDOOOO a4,29,...,2y000000000
000000XO0O000000000 (a)0(d)0000000000000000()000000000
000000000 (M 000 p00000000000000000000000000()0000 4
0000000(M 000 x000000000000000 A000000000(d)00(c)0000
0 NOOOOON-10000000000000000000000000000000000000
000000000000000000000

() 000000 A

1 N
ﬂ:NE:% (2.5)
n=1
(by0OOOOO 6%
1 N
&.»24 - N Z(xn - N)2 (2.6)
n=1
(c)O0DDDOOD 6%
~2 1 Y AN2
6% =5 > (o0 — 1) (2.7)
n=1
(d)0D0o0o00Do 62
1 N
ot = N1 > (@ — i)’ (2.8)

n=1

(000000000000 p=10000¢2=200000 N(10,2)000000 NOOODOOOO
O z1,20,...,cy 0000000000 (25)000000000000000 AN 000000000
00000000000000000000000000000000000000000000000
O0000000000000000000000000100000 2N Oo0DO00000000O0000
oooooooo EE®™),vap™M0o000000000000000 NO 200 10000000000
00 ERMDO00021()00000000000FE[EM])+/Var[p™M]000 (2)00000000
E[pM™M) =y, VNOOOOOOOOD (25) 0000000000 a0000000000000000000
DDDDDDDDDDiDDDDDDDAﬁamDDDDommmmmmmmmmmmﬁﬂﬁmmmnzo
0000000000000000 (250000000000 2a000000000000000000
0000 63%,63,62000000000000000 2.1(b)0(d)0000000O000 6%,620000
0000000000000000463000000000000000000000000000000
Doooo

00 1000000000000000D00000000R,6%,6%,62000000000000000
O (25 000000000000

1 Y 1 < 1 &
Blil = B[+ 3] = £ S Blea) = £ o= (2.9
n=1 n=1 n=1
0000000000 400000000000000000000 (26)000000000000
1 & 1 &
~27 4 Y 2 _ 2
E[63] = N;E[(xn 1)?] N;a o (2.10)

13



2 . .
(a) u estimation (b) o, estimation

115 5
S on 2 4
£ 105 L3
(] ()
= 10 2 21 G960
2 2
@ 95 c 1
3 8
2 9 2 0
= =
8.5 0 2 -1 0 2
10 10 10 10
The number of samples N The number of samples N
(c) cé estimation (d) 0(2: estimation
5 5
5 4 5 4
53 5 3
() ()
= 2 = 2 O o0 o
2 2
c 1 c 1
g g
@ 0 2 0
= =
-1 0 2 -1 0 2
10 10 10 10
The number of samples N The number of samples N

02100 1000b000b0o0o0bo0obooboboaobo

000000000064 0000000000000000000D000 wOD0O000OOOO0O0OO0
0000 0000000000000O0000000O00O0OOO0OOO0O0O (270

~2 _ ig:( _~\2
9B N Tn — f1)
1 N
S T (2.11)
gooooooooooooboooboooooo
N
B3] = 3 Bl(en — 1)?] Bl — ) (2.12)
n=1

0000000000 10000 (210000 ¢2000000002000

Bl-w = (5 S, —u)2]= 5|(% (o —mﬂ
7]1\]:1 N n=1 N x
= E[LQ SN (@n — w)ak - u)} = % D> El(wn — p)(xx — )]
n=1 k=1 n=1k=1
= LQ iv: iv: O k0” = %02 (2.13)
n=1k=1



gooooobobood
1 N -1
E[&%]ZUQ—NO'QZ ~ o? (2.14)

00000000000 (27)00000000000000000000O0000O000000000
N—-ocoOODE[f3) -»¢200000000000000000000 (27)00 (28)000

gbooooobooooooboobon

N 2

N N-1
]:ﬁE[JB 0'2 2

=y~ ¢

00000000000 (28)00000000000000000O000O00 (28000000000
062000000000000000000000000 E[a),E[6%],El63],E[64]00 2.1(a)0(d) O
0000000000
0004,63%,6%,62000000000000000000,000 Varlg)000 (213)000000
oooo

Varlg) = B[~ Em)l?] — B[(ji - p)?]
= WNU = Naz (2.15)

1
0000 Jim Var[g] = lim —0®=00000004000 (22)00200000000000000
—00 —00
00000000006%000 Var[63]00

Var[gi] = E[(@

= —(Cy—0oY (2.16)

1
0000000000000006,00X04000000000000 lim Varlgh] = lim —(Ci—0*) =
— 00 — 00
000000063000 (22)0020000000000000000000000000004000
00000 ¢,00X0000000000000 (1.31)000C,=1-30*0000000000

0.4
Var[6%] = %(304 —ot) = % (2.17)
0000000600000
Var[6h] = B[(6 — El63])°] = Bl(65 — 0°)’] - (E[63] - 0®)? (2.18)
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gbooobooboobboob 1000

oooooboz2000

= E[6%)*] -2 o?o? + ot
= B[R] + (14 )0

. N -1
(B3] - %P = (S0 o)

1 4

B

gboooboooo

1 N N N N
T 2 2 2 2 Bl = )y — )k — ) — )]

9 N N N
— a3 2L 2 D Bl = w?(wj — ) (@ — )]

1

1

_ 2 4

= H(NCi+ (N? = N)o') + o
1 2 1 3 5 3.,

= (Fetywatl-gtm - we

0000XO00OO0O0000O00000C,=3s400000000

00000006300000
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(2.19)

(2.20)

(2.21)

(NCy +3(N? — N)o*) — i(N(,q + (N? = N)o*)

(2.22)

(2.23)

(2.24)



N
IZIIZIEID&%zﬁ&BDDDDEIDDD&CDDDDDXEIDDDDDDDDDDDDDD

Varls2] =~ Var[63] = —1 904 (2.25)
C_(N_l)QaUB— g .

0000000000

6%, 6%,620000000N - oc000000000000000000000000000000000
0000000000 Var[i], Var[63], Var[63], Var[62) 0000000 E[a)++/Var[a]0E[6%]++/Var[63]0
E[63] + /Var[63]0 E[62] £ /Var[62] 00 2.1(a)0 (1) 0 000000000000000000000
0000000000000 0000000000000000

[01]020000000000 ab000000O0 T 1—r00000000000O00O0O0OOOO0O
Oo00ooooNOODODOOOOO00O0DODODODO00O0O00000DO0O0O0O000000DD abD00O N,
oboooooboooboobooooboboooboboooo

H = ent(N,/N) (2.26)
0000000000000 000Oent(z) 000000000000
ent(z) = —zlogyx — (1 — x) logy(1 — z), 0<z<1
0000000000000 000000000000ent(r) 000000 (226)0000000000

gboooooboooobobooobobooboobobooooobooooooboooon

[0O0]0 N,0 2000 Bn(Na) = (y)r¥(1—n)VN000000000000000000000
q=N,/NOOODOpg(q) = Brn(gN),g=0,1/N,2/N,...,100000000 QOOODOODODOO2

gbooobooooon

gQl=r.  ElQ- BQ)) = Bl(Q -] = "L (2.27)
00000 (226)0000000000000000000000O
N
E[H] = Elent(Q)] = ) ent(Na/N)po(Na/N) (2.28)
Na=0

gooooooooooooooboooboooooooooooon ent(q)l] q=r0o0oooooon
gooooooooooonooo ent(q)l] g=r0o0o0o0ooooooon
1 1
ent(q)zent(r)—l—ent'(r)(q—r)—i—§ent"(r)(q—r)2—|—§ent'"(r)(q—r)3+-~-

gboooboooo
1 -1

ent’(r) = —logy 7 + logy(1 —7), ent”’(r) = g2 rd )

00000000 (228)00000000

E[H] = ent(r) + ent’(r)E[Q — 7] + %ent"(r)E[(Q —r)? + %ent'”(r)E[(Q )3 -

00000 (227)000002000000000000000O00O00O00OOO

. 1
E[H] = ent(r) — N log2
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000000000 (226)0000000000000000000000O0OODOOO0OOOOODOO
gbobooooboooobobobooboobooooboboooboobooobooonoo

N 1

H = N,/N — 2.2
ent(Na/ )+2N10g2 (2.29)

gboobooboooboobooboboobooboon

(020 MOOOOO0OD00000a,i=1,...,MO0000000r,i=1,...,M0000000000
0000000000000 O000NDOOOOOOOO0OOOOD0000OO000NooNoononononon
00000 a,é=1,...,MO0000 N,,i=1,...,MO0000000000000000000000CO
oooooo

N (2.30)

O000o0o0oU0oooouoooOddent(s,...,zy)0000000000C00O00OOOOOOOO

. N N
H = ent <—1 —M)

M
ent(zy,...,x0p) = — Zacj logy ()
j=1

0000o0o0o0ooo0o0oooooooooooOent(r,...,ry) 000000 (230)000000
oo oo bbb ooooobobouo
[00]000000000 a,i=1,...,MO000 N;,i=1,...,MO000000000 p(Ny,...,Ny) OO
p(N1,...,Ny) = p(N1)p(Na|N1) - p(Nas| N1y ..., Npyr—q)
oooooooNDDOOoOoOooooooon
P(N1,..., Nar) = pr(N1)pa(N2) - - par (Nar)

000000p(N:) = (§)r(1-r)¥N"M000D00ONODODOODODOODO0D0D000000
O NrOOO Nri(1—-7)0000000000000000000000p(Ny,...,Ny)ODDOO p=
(Nr1,...,Nry)DOOO00DD0O C = diag(Nri(1 —71),...,Nryy(1—7p)) 000000000000
O0000D00000000¢=N,/NOODOOOp(q1,---,q0) 0000 = (r,...,rn) 000000

1-— 1—
[HJC=&%<”(NTDV~fMSV”” N000000000000000
ent(qi,...,qu) 0 ¢j=r;,j=1,...,.MO000000000000
M
dent(ry,...,r
ent(qr, ..., qu) = enwl,...,m”z%(%_w
=1 i
M M
1 dent(ry,...,ra)
+ ; — 2 ar;ory, (gj —75)(gk — &) + ( )
ogoooooon
dent(r1,...,7m) |
or; 8275 7 1009
1
2 _ .
0%ent(r1, ..., ) _ o log2’ j
87387% 07 ]75]{:
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00000000000 (230)00000000000000000DOO0OO0O
M-

2N log?2
00000000000D (230)00000000000ODOU0O0O0OOODOOOOODOOUOOOUOOOO
O00o0oooooooooooooooooo0oooooooooooooDoooooon

. /Ny Ny\ M-1
H_ent< ) 2N log 2

E[H] = ent(ry,...,7r) (2.32)

N (2.33)

gboboooobooooobobboobooboooonbo

22 0000

gbobooobooooobooooooboooooo3sbobobooboboooooooboobooooonoo
goboobobooooboooobooobooboooooboooboooboobobooobooboooboon
goooooobooboobobogooobooboooobooooboboboog

00000000 p(z) 000000000 DOOO0OODOOOODOOOODOODOOOOOOOOOD 6
0000000000000 0000000O00000U0Oo0O000O00LODO0UO0O0d p(x)0OOO
000000000000 000 0000000000000 D0OOO0ODOOO0O0OOO p(x)00O
0000 000000000000 0000DO0OO0 p(xl@) 00000000000 00000OO
O0000o0ooDednO0UoOoOUOUOOp@lz)D0D00OOOOODO

0000000000000 0000000000000 O0DOOOO0ODOOOO p(Alz)OOO0O
oe00O0o00OOOO00OOOO0ODODODOODOODOOOODOO

9:argmeaxp(0|w)
O00000000000000 (Maximum a posteriori probability estimation) DO O0O000 0000 p(0]x)
DDmDDDDDDDp(m)DDDDD GDDDDDP(B)DDDDD
p(0)p(z]6)

p(x)

DDDDDDDDDDDDp(aZ)D 000000000000 oOoOoooOoooeD 0O DoOoOOoOoOn
DDDDDDDp(B)DDDDDDDDDDDDDDp(B):constant, voOOOOoooooooooooo
|:||:||:||:||:||:||:||:||:|p(0|m)|:||:||:||:||:||:||:||:||:||:|p(m|0)|:|DDDDDDDDDDDDDDDDDDDBD

p(0|z) =

6 = arg mgxp(a:|0)

gbooobobooooboobooobooboooooaon (Maximumlikelihoodestimation)l:lél:l|:||:||:||:||:|
(Maximum likelihood estimator) 00 O0p(x|0) 0D 0 0000000000000 0O0AOOOODO
O000000000Ke) 000000000 (Likelihood function) 000000000000 O0OOOO
goooooboooooo e UdDObO0ODOODODOOOOOeOODODOODOODOOODOO
000000L6) =logl(@) 000000000000 00000 (Log likelihood) 0 0O O
ooooooooooooo NDOOO 21,20,...,zey00000D00000D0D000DODODOOODO

gbooobooboobuobd ;0000000000

(x; — M)2

1
exp( —
V2ro P ( 202

p(24]6) = ) i=1,...,N (2.34)
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Ooooooooooooooooobe={x,...,.2y} 0000000000

N
1 (5 — p)?
6) = - 2.35
ptalo) = ]I o= exn(-555) (2.35)
000000006 =(p,e2)’00000000000000
L(6) = logp(x|0) = N tog 21 — N log 02 1%(4 )2 (2.36)
=logp =3 og 2T 5 ogo 2021:1 T; — [ .
DDDDM,O’QDDDDDDDDDDODDDDD
OL(6) 1
Top o2 2T TS
oLe) N 1 257
©) _ (z; — p)> =0

goooo

i=1 (2.38)

000000 (250000000000 000000000000 (270000000000 6300
goooboobooooobobooooboooooDo

23 0JU0b0obooood

gogboooboobbooboobboobbooboobbooboobbooboobboon
gboooboboooooboooboobooooboooboboooobooboboooobooooboobooonoo
gboobooboobooboobooobobbobooobooobooboobooboon

cooooooopooogoebopoObDOOoDOOO0OODOOOODOODOObeOOODODOODODODO
O000000000000000 p(zl)00000000O00OOO0OOOOOOO

/p(m|0)dw =1 (2.39)
0o0o00oooooooooDenD0nooonoobDOoonon
Op(x|0)
= 2.4
/ Wi =0 (2.40)
0000000000000 00o00O00oUooo0Uonlegp(xle)0 00000000
8logp(sc|0): 1 Op(x]0) (2.41)
00 p(x|0) 00

gooooboooon

Ologp(x|0)]| _ 1 op(x0)] 1 9p(z|9) [ op(le)
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coopoooooboo 3500000 000nooOoOonO

Op(x op(x T 1o} op(x
/ {(péw) ) (252 *p("”"’)%(p@;e) péew))}d“’:o

0000000000000 000o000000000oo0000oo0o0oUoon (241)0000
ooo

J (P () + s telovia = 0
pgooooooooooooooog
E{(&log@pg(aﬂ@)) (810g8]90(w|0))T} - g {%] = J(x,0) (2.43)

0000000000 J(z,0) 0000000000000 (Fisher’s information matrix) 00000000
00 2000000000 6000D060ODOOODOOOO

El0] = /ép(mw)dm .

0000000000000 000000000 e00OUOOnOO (241) 0000000

A Op(@|O)\T [ 0logp(z|0)\T _
/0( o )dsc—/e( P20) pialo)iz =1 (2.44)
|:||:||:||:||:||:||:||:||]DDDDDDIDDDDDDDDDDD(2.42)|:||:||:|

Ologp(x|0)| _ [ dlogp(x|0) _
E{ 50 = 50 p(x|@)dx =0

OO000000000600000000000

00000 (244)000 (245) 0000000000

/(9 — 0)(%%6@)%@@@ iy

gbbooboobooboobobooboobo

E {(é - 0)(810g+6§“’|m)T] —1 (2.46)

oood
gbooobobobOboOobOoboboOb z,y0000O0O

ElzxT|ElyyT] > Elzy”]

dlogp(z|6)

DDDDDE[@—O]:ODE[ 0

}:0E||ZIIZIIZIIZIDIZI (2.46) 0 0 0

El(O—0)(6 — O)T]E[(alogapéwlé’)) (mogapéwlé’))T] >T

goooooooon

Cov[0] = E[(0 — 0)(0 — 0)T]
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gooboodooooa
Cov[f] > J(z,0)" (2.47)

00000 (2470000000000 00DOODOOO0OOO0OO0OOODOOOOO0OOOODOOOO
gboboobd«wbonog

uT Cov[flu > ulJ(x,0) 'u

Joooobbbodddfb«.00ooooobobooooooog
Cov(Oek > J(x.0), ;. Vk

0000000000 A,,0000 AO (k,k)ODDODOODODOODDOODO (247 000000000000
goodobbboooooobbboooooobbbbooo

000 (247)0000000000000 (Cramér-Rao’s inequality) 0000000000 §0000
0D00000000000000000000006000000000000

/0000000000000 N -c00006-6000 ODJ(SC,O)_1|:||:||:||:||:||:||:||:||:||:||:||:|
gboboboboboooobooboooooooboooobooooboobooobOobobobOobobon
goodooooobbobbbooooobobbboa

NODODODO zy,22,...,2y00000000D0D0COOO0O0O0O0O0ODDOODODOODOOOOOOOOO
000000000000 w000 6¢?00000000000000000000000000 (2.36) O
O0o0oooo L(e) o p,0?0 20000000

gooooooooooooooood—-100o000o000og
N
— 0
204
0000000000 Cramér-Rao000000O0O0ODOO

1 a2 0
J(,8) 1:N< 0 204>
gobobooboobbo pboo c?0000000000000000000  NOOOOOODOOOOOO
ogooooo %D%ﬂDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
gooo0ooboo 1oobooboboooooboobooooO0bO0oD gOobOoOoOoOobUOobOUObbDOoDbOo
ogoon UNQDDDDDDDDDDDDDDD %QDDDDDDDDDDDDDDDDD p0000000O
ooo0o0o0ooooooes30000d00oooo0ooooooooooooooooonn egbes 000

N-11 1
000000000 ———20'0 2000000000 6%DDDDDDDDDDDDDDDDD

. N N N -1
2
%IZIIZIDEII:IDDDDDDIZIIZIEIIZIIZIIZIEII:IDDDDDDDDDDDDDDDDDDDDDDDDDDD
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6200000000000000000000000000D0DOO0D0DODOOO0O0ODOOOO000OO
4

2
I%ADDDDDDDDDDDD§%DD

N-11 1
gboooboooooooobo &)23DDDEIIZIIZIDDDDDNHOODDDDDDDDT—2U4:—204

N N
gboobgobbooboboobobooboobooobn

1
oooooooooooOoOoOOO0OO0OO0O0 600000 N

24 EMUOOOOOO

000600000000 0000p(zl) 0000020 2= (y,2)00000y00000000O0O0O0
Oo0o0oDooo0 00000000 ¢yy,z000000000000000D0000OOOOOOODOOO
0000000000000 00000o00U0O00O00O0DO0o00DO00OOp(y,2)0y000OOOO
IZIIZIp(y|9):/p(y,z|9)dz|:||:||:||:||:||:||:||:| L(yld) =logp(y|) DO ODOOOOOOO0OOOL(yl¢)DODO
O00000o00ooooooooooooooouon p(y,2/0) 00000000 L(y, 210) = logp(y, 210)
goooooboooogooboOoobogoobOoooOobD0oboooOobOooboooOOobOoOoDOobDOoboooDo
000000000000 0000000EM 0000 0O0ODOExpectation-Maximization OO OO OO O
D0000D00K0O00D0O00O0DOODO0OO0A0ODOD000AMODODoO

By L 210) = [ Lo A00p(ely: 0z

000000000000000 L(y,20)0 3 ® 000000000000000000000000
0D000D006,6™,y0D0000000D00006M, yO0ODODODODDOOODOOODOODD
000000 ¢00000D00 Y gpnooooon

O+ = arg max B, a0 [L(y, z|0)]

gooooobooooobobboobooboooobobobooooboo EMODOOOOOO0OO

O0000r(z)0 200000000000000OY(M O A0O0O0O0O0OOOOO0OOOO0OOO
ooooooooooooooogoooooooooooooogooooo eOOOOODDOODODOOO
gbooooobooooooobooon

p(alf) = exp(671(x) = (0))

p(z/f) 000000000000 O00O0O0OEMOOOOOODOOOODO kYo é®ononon
00
9L(yl0)

O+~ G0 4 7 (g, 609
’ 90

=0
DDDDDDDDDDDDIZIIZIIZIIZIIZIDDJ(x,é(k))EII]Fisherl]l]DDDDDDDDDDDDDDDDDD

L(y|0* Yy > L(y|d®), vk

DDO0E,,;wlL(y,20)] 0060 6 0000000000060% 00k —o0000LyH*)0000
000000000000000000000

EMOOOOO0O0OO0O0O0O0O0O0O0O0000000000O000000Y,,...,Yy 00000000000
0000&,...,&000000000000000y00000000Y 000000000000
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0000000 pi(y;0,) 0000000000000 YOO0OO0O0O00O p(y;0)00
M
0) = &pily; 0) (2.48)
1=1

0000000000y, ¢=100000000000000 p(y;¢)0000000000000000
0000000 y,...,yn0000000000000 6= (04,...,0h,6,...,6,) 0000000000
00000000000000000000000000000000000000000000000OC
0000000000000 00000000000000000000000000000000000
0000000 yO00000000000000000000000000000000 z€{1,...,M}
0000000000 2= (y,2)00000000000000EMOO0O0O0OO0O0000000000OO
ooo
000000000600 00000y00000000000000 vV,000000000000

p(y, 2;0) = &p=(y;0-)
O000000000000000000
L(y, 2|0) = log £.p-(y;0-)

D0000000000000006®WOo000on yO0OOooooooOoooooooo0 y,ooooo

gooooooodon
@m(y, 00)

Z &ipi(y; e(k)

O000000o0ooooooon L(y,z0) 0 y,H(k)IZIIZIEIEIEIEI 000000000000

p(zly; 6%)) =

Ezly;g(k) (y,20)] ZL (y,2|0)p |y;é(k))
000000000000 y,...,yv00000000000000 L(yj,2/0) O yj,é(k)EIDEIEIEIEI z

gbobooboooboobooboboobo
N M

E. a0 L, 210] = > L(y;, 2(0)p(=ly;;6™))

j=1z=1
googn

00000000000 E,,4w[L(y,20)]00000000000000 0000000% & =1

Odobo0ooooooooooobooooooooooboooooooooobooooonoonon
ijEp(Z|yj;é(k))

gooo

M
J = E,smlLy,zl0)] = A (Z & — 1>
N M = M
= Z Zlog(ﬁzpz(yj; 0.)w.; — A (Z & — 1)

Jj=1z2=1

M M
Z(wzj log &: + w.; log - (y;; GZ)) —A (Z & — 1) (2.49)

z=1

I
M= T

<.
Il
—
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ooooooo Jg ¢, 0oooogon

o = g e

m

oJ
0000 -—=000000
m

>/I'—‘

S

M N M
000000000 w,;=10000) Y w,;=NOO0OOO0O00000000A=NOOOOO
z=1 j=12=1

D000000000000000 B, 40(Ly,20) 000000 &, 00

2

1
Em = N Zwmj (2.50)

Jj=1

JooooooJoeé,00o00o000d
N
Z 0L yJ|9)
Wi

D0000000L,(y6.) =logp.(y;;6,) 000000000 000000000000E,...,&, 00
000000000 6y,...,0y 00000000 py(y;6,) 0000000000000 0O0O0O0 Wi j
Joooobbbooooooobooooooooooo

O0000pi(y;0,) 0000000000000 0000p(y;0) 00000000 (Gaussian mixture
distribution) 000000000000 OOOO

M
0) = &oly; i, 07) (2.51)
=1
0000¢(y:mi,02) 0000 000 ¢?00000000000000000000000

0 ::(515'"7€A47N17"'7NA470%7'--7034)

gboboooboobooooboobboboboboboboboboboboooboboboboboooon
gbooooobooooboobooooobon

p(yj, 2;0) = £:0(yj; pz, 02)

gboooboooboooobgg

N M
J ZZlog 0 (y]7,u27 o)) wsj — <Z§1_1>

j=1z=1

N M 1 1 1 M
Z (logé&, — 5 log 2w — 5 logo? — Tﬁ(yj — ) Hw,; — A (Z & — 1) (2.52)
z i=1

Jj=1z2=1

Uu, 00000000



OoooooooooUoO (250)0000000O
1 N

00000000JO0 62, 00000000

8] L, 1 1
902 Z(_F + F(yj = pm)?)Wim;j

0000000 o0o0oOoo (250)0000000

N N
1 1

R Ne ;(yj )P0 = e ;yj?wmj — 2, (2.54)
oo
0 (250)00 (2.53)00 (254)00000000000000000O00O0O0O000000O0O0O0OEMO
00000000000000000000000000006®Y0000000000000000 kO
goooooooood

2(k) AR 5 ()
k A ¢ ) y O
w® =p(z|yj;t9(k))= £ Plyys oz ) 7

Zg(k)(b(yj’ A(k)v z( ))

i=1

N
f(k+1) (k)
gz - Z Zj ’
n N
S(kt1) 1 Z (k)
Mz - Nf k+1 wzj y]’
2 —

~, (k+1) (k). 2 E+1)\2
o2 (k+1) szj y; — (Y2,

]zl,...,N, z=1,....,.M

(2.55)

[00 200000 N(0,0.2),N(3,1),N(6,04)0000000000000000Y,Y,Y:000000
000000000 05,03,02000000000000000y,i=1,...,NOOODOOOOOOOO
00000 N=100000000000000000000000 EMOO0OO0OO0OO0OO0O0000000
O00D0O0EMOO0OOOO0O0OO0O0000O000000000000000000000000000000
000000000000000000000000000000000000000000000000
00 L(yd)000000000000000

[D0]0000000 y,i=1,....NOOOOODOD 22(:)0000000000000003000
0000000000000000000000000000 300000000000000000
O0DO0O0DOOEMOOOOOOOOOOOOOOOOO0O0O 6= (&,&,pu1,pe,07,03) 0000000
Okk=1,...,10000000 ¢é®00000000000000000O00 Le*)ooooooO
(b),(d) 000000000 EMODOODOO0000000000000000000000000000
000000030000000000000000000000000000041 00000000
O &o(y; 4,62),i=1,2,3000 (c) 0000000000000 0000000000000O0O0O0
ooooon
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@) (b)

200 8
@
= 6
150 @
8 g .
2 g
c
$ 100 o
g L 2
s £
L
0 -2
-5 0 5 10 0 50 100
Sample value Iteration number
(© (d)
0.5 -1500
>
5 04 5 ~2000 F_//—
© o
S 0.3 2
= T 2500
kS X
£ 0.2 =
o
% 01 = -3000
8 0.
0 : -3500 -
-5 0 5 10 0 50 100
Sample value Iteration number

022 0020000EMO0DOO0O0D00O0O0O0O0DOOOODOODOOOOODOO
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30 ot

3.1 0000

O00+¢+0000000000 «(t) 00000 (stochastic process) 000000 ¢t0 0000000000
z(t) 000000000 (continuous time stochastic process)J 0000000000000 0O0OOOO
(discrete time stochastic process)d0 00 00 0000 (stochastic series) 00 0000000000000
0Ozt)0OtOODDODOOUODODOOOODOOOO0OOOO0OO0O00OD0O000 2(t)0 2, 000000000

0000 ) 00000000000000 t1,te,...02(t)000000 @1,20,...00000000
goobooobooooobboootrbbooobboboobooobooobbooobbooon
gobobooobooooboobooooboobooooooobobooooobooooboooboooooboon
00000000o0ooUuo0ooUo0ooUo0ooooo00oooo0ooUo0ooD 2000
tl]l]l]l]l]l:ll]p(x;t)z%P(m(t)gx)DDDDIZIDIZIDx(t)DDDDDEIDnDDDDEIDEInEIDEI
googoobobboooooobobbboooubb+rooooobbboooog

palt) = Blav) = [ " ap(as t)d

— 00
o0

2(t) = El(a(t) — p(t)?) = / (2 — p(t)plas t)da

— 00

mb(t) = Bl - | " ot p(as t)de

—00

CEO) = Bl - ) = [ (o ple) plastias

00000020000 t,46,00 2(¢)00000000x(ty),2(t) 000000000 p(zy, 20 ; th,t2) =
2
P(z(ty) < xy,2(t) <a2) 0000000x(t),2(t,) 0000000000000

dridxs

oo

Rm(tl,tg) = E[(E(fl)x(tg)]:/ xlxgp(xl,xg;tl,tg)dxldxg

—00

Coltr ta) = El(a(t) — u(t)(x(ts) — p(t))]
/ (21 — (1)) (@2 — p(ta))pla, w2; o)y iy

—00

000000 Ry(t,t)0000 Cu(ty,t2) 000000 2(t) 0000000 (autocorrelation function)d
0000000 (autocovariance function) 00 0000

0000000000000 0000000000 Cy(ti,te) 00Ot —t2] mco000O0D000OOO
O00t -t >a0000000 ¢y, to0000C,(t1,t2)=00000000a¢00 (a—subordination)
0000o0000ooooz)0 00000000000 ¢t #¢;,i#;0000 Cy(ts,t;)=000000
O0x(t) 00000 (whitenoise) 00O OO0

2000000 2(t),y() 00000000 1,6, 002(t),y(t) 000000 2,y 0000000000
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2

d
00 0pay(z,yiti,ta) = Mp(x(tl) Swy(te) <y) DOO000002(t) 0 y(t:) 00000

Rmy (tla t2) = E[x(tl)y(tQ)]

ggd
Coy(t1,t2) = E[(x(tr) — pa (02))(y (t2) — py (£2))]

nOO0O000000
E[z*(t1)2" " (t2)]

nO0000000000
El(x(t1) = pa(tr))" (@(t2) — py(t2)" "]
000000000 Ryy(t,t2) D000 Coylt, 1) 000000 2(f)0 y(t) 0000000 (crosscorrelation
function)00 000000 (crosscovariance function) 000000000t —t2| >« 0000000 ty,t2
O0000Cy(t,t2) =0000000 a—00 (correlation a—subordination) 0000000
2(t),y() 000000 ¢, t, 00000

Rmy(tl,tg) e 0

000000 (orthogonal)d
Cory(t1,t2) =0

0000000 (uncorrelated) 00 0000000000000 n,mO ty,...,tn¢,...,t, 000

pa:,y(xly"'7xn7y17"'7ym;t17"'7tn7t/17"'7t/7n) :p(xlw"7xn;t17"'7tn)py(y17"'7ym;t117"'7t;n)

000000002000000 =(t),y(t) 0000 (independent) 0000000

3.2 OOOOOOOOOOO

0000 «2(¢)00000000000000000OO0O0O00O0O0O0O0O0O0O0O0OOOO0OOOOOOO
Un, 7000
p(x1, .. Tnyte, .o tn) = (X1, o Tty + T, b+ T)

000000000000 (stationary process in strict sense) D00 0000000000000 0O0O nO
O00000000000000000n00000 (stationary process of order n) 0000000000
oooboodoboooobooooooo n=20000000 2000000000000000000
O0000000000000000 (stationary process in week sense)J 00 000000000000

00000000000 0000000000000+¢+000000000000000 (nonstationary
process) 0000000000000 00DO0DO0O0O0OOO0OOO0O0OOOOODOODOOO0OO0O0OOO
0000000000000 0Uo0o00o0oo0o0oUo0o0oU0o0oUDo0oOn (stationary
inaninterval) 000000000

(OHOoOooDoOoOO p@ 00wt =pt+7), vvOOOOtOOOOODODOOO0OO p0O0O0OO0O0DO0OO
000000 Ry(t1,t2) 0020000000000000(0)000000000 7=t.—t, 0000
ooooo

R, (1) = Ry(t1,t2) = Ry(t1,t1 + 7) = Elz(t)z(t + 7))

29



0000000000(0)00000000000 Ry(ty,te) D0R(t+7,te+7), Vv OOOOODO¢ 0O
t,000D0000000000000000000(0)000000000000 ¢t=¢t—t,000 Ry(t)
0000000000 R,()000¢t000 (lag) 0000000R,(0)=E[22(t)]00000000R,(0)
0z(t)0000000000

E[(x(t) £ 2(t + 7))?] E[z%(t)] £ 2E[z(t)x(t + 7)] + E[z*(t + 7)]
R, (0) £ 2R, (1) + R.(0)

2(R4(0) + Ry (7))

0000E[(z(t)+a(t+7)%>00000000
|R(7)| < R4 (0)

gooooo

0000 z()000000 t,...,t, 0000000000 p(1, ..., %t t) 0 n000000
0000000000 2()0n0000000 (Gaussian process) 00000000 nO000000O0O
goboobboooboooobooobobboooooobooooooboobooobono 2000000000
gobooboboooobooboobooobooobooobooboooooooboooooooobobooooOoon
oo oobobobobobobbobbbbobddooDobL UL b
gboboooboobooooobobooboobooobooboooooboobooogoobooon

3.3 duooood

000000000000 00000o00oo0oo0ooUoooO ui) =Fe@)0o00o00
z(t)D NODODOOOO a,(t), n=1,..., NOOOOOODOOOOODOOOOODOOODOOOOO

1 N
ut) = N Z zn(t)
n=1

00000000 (ensemble average) D000 0000000000000 0000OO0OOOOOOOOOO
000000100000000000000000000000O000DO00O00O0OO0O00 z(t)0O
00o000o00ooUoooo0oo0oo0ooUooUooUo0x) 000000000000
000000000 2(t) 00000000000 00O0O0O0 1000000 z(t)D00O00DODOOOOO
O0000000000000000000000000 (ergodic)D0DO0O00O0O0O0DOO (ergodicity) O
gboooood

1000000 z(y) 000000000000 OOOO0OODOOOOO0ODOOOOOODOOOOOOO
00000 0000000 R,(r)02000000000000000000000O0O0O0O0OOOOO

1o0o0ooobogooaoo

1 (T
[L:T/O x(t) dt (3.1)
000000000000 0000000000 (time average) 0000000000000 00O00O0OO
0040000000 (Bl =»000000000 lim Elf] = p, lim Var[i] =0000000000
00000000 2x() 0000000000 (mean ergodic process) 0000000000000 O00O0O

E[g]:EE/OTx(t) dt} z%/OTE[x(t)] dt:%/OTu dt = 1

30



0000000000000000000000000000000 4000 Varlg] = E[(i — p)? O
T -0o000000000000000000 (3.1)00

Var[g) = E[(i 2
o)
- E[(—/ (w(t) = at) |
_ %/OTATE[(x(tl)—M)(x(tg)—u)] dt dts (3.2)

000000000000 E[-|00000000000000 Cyu(t1 —t2) =Cy(t1,t) 00000000
gbooooobobooooobooooooboo

lim Var[g] = lim — / / Cyp(ty —t2) dty dt2 =0

T—o0 T—oo T

O0o00o0o00o0ooooo0ooUo0ooUoooooo0ooooooooo0D 2z 00000
000 C,(r)0D00000o0ooooog
000000000000 0000 (autocorrelation ergodic) 000000 z(t)z(t+7) 00000

T
Bu(r) = % /O 2t +7) dt (3.3)

gbooooobooooooboooooobooo

1 T
/ Elw(t)a(t + )] dt _T/o Ro(r) dt = Ru(7) (3.4)
EII:II:II:II:II:II:II:II:II:II:I(3.3)|:||:||:||:||:||:||:||:||:||:||:|DDDDDDDDDDDDDDDDDD
Var[R, ()] = E[(Rx(r)—Rx(r)ﬂ (3.5)
— B|R(r) — 2Ru(r)Ru(7) + RA(7)]
= T2 / / w(t +7)a(t )x(tﬁr)}dtldtg—Ri(r) (3.6)

obooooooooobooooboobooooboboboboboboooooDo0D T -0 obon
000000000000 000O00o0o00U0oO0o00U0o00Uo0o00UDo0 z()0 40000
gboboboboboooobooboooobooooboooobooboOobobOobobOoboboOobobon
0000000000000000000000000002(t)00000000000O00O0O0

Elz(t)z(ty + T)x(te)x(ta + 7)) = Elz(ty)z(ty + 7)|Elx(t2)z(te + 7))
+Ex(t1)x(t)|Elz(ty + 7)x(te + 7))
+Ex(t1)x(tz + 7)]|Elx(ts + 7)x(t2)] (3.7)

gooooobo

Varl R (7 T2/ / (R2(fs — 1) + Rults — t1 + 7)Ro(ts — t1 — 7)}dirdts (3.8)
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oo oooboobobobobobobbboobodooob bbb
R, (r)07r—ocol0 00000000000 0DODOO0OOOOODOO0OOOOUOOODOOOOOODOOO
000000 z()000 g0 0O000ODOO0OODOOODOOOOOOOOOOOOOOOOOODOOOOO
p00000000000000000000O00D0DO0DO00000 2x)0000000 OOOOO
OO00oooooooooooooooooooo bCcooooooooooog

0 @B8)00t,—t; =u0000 lim R,(r)=00000000000007T00000000O00O0O0
goo o

) 1 (T2
Varlfo (7)) = 1. [ o )+ Bl )R — 7)) (3.9)

gboobooboooboobooroooobobooboobooooobooboobDobbooboobooo
ooT7Too00b0o0boobon
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40 UOOoU0OUOLootbbootobotoboogdd

4.1 0O0OOO0OOOOOO

00000000000 20000000000 2(¢),0<¢t<T7T00000000000OC0OOO0
oootoobo<t<Tooooon

1 T—1
x(t)x(t + 7)dt, T>0
R,(r) = T_TAq~ (4.1)

1
—_— x(t)x(t + 7)dt, T<0
T 1] Ji7

gboooooboboooooboolocoboboooon

) 1 min(7T,T—7)
Rﬂﬂ:T_TAWQT)aﬁma+ﬂﬁ (12)

gooobobooooooboooooooooooboobo ~OT00bobobobooooboobooobon
gbobooboobooooobobbooboobooooboooooon

R 1 min(T,T—7)
Rﬁﬂ:?/ o, e (4.3)

gbobooooboooooboboobooboooobobobo 20000000000

T—1rl»

R; (T) = T R (7) (4.4)

gboooboooo

42 0O0O0OOOOOOOOOO

0000 23)00000000000000000000000 «()000000000000000
0000 X(w)0ODO0OO|X(w)?00000000000000-00<t<oo0O0O000000000
0000 «2(¢)00000000000000000000000000000000000000000
000000000 2(¢)000000000000000000000000000 2(4)0000000
00000000 2p(t)00000

Xr(w) = /00 xp(t)e ™t (4.6)



O000000T -oo00000000000000Xp(w) o000 0-0<t<oco000OOOO
gboboboboboboboooooooooboooobooooboobooobooboOobobOoboobon
O00000000000000 (power spectral density; PSD) 00 0000000000000 Plw)ODO
goooobobood

P(w) = lim E [M} (4.7)

T—o00
0 (47000 |Xr(w)?000000000000

2

Xr@)? = ‘ / ity
= / :UT(tl) iwhdt / xT(tg)(efi‘”t?)* dto

— 00

= / / tl J)T tg) —iw(t— tg)dtldtg (48)

000000000000 0000000002(¢)00000000a*(¢) =2(t)0000z%(t) = ar(t)
000000000000 —ty=7, t,=t00000

Xp(w)? = / R / " o (or(t + r)dtdr (4.9)

—00 —00

O000O0zp(t) 00000000 0DOOOOOOOOOO

T ) min(T,T—7)
| Xp(w)[? = / et / e (t + 7)dtdr (4.10)
-T max(0,—7)

000000000 @noooooo

T ) min(T,T—7)
P(w) = lim —/Tef“’”/ o Elzr(t)zr(t + 7)]dtdr (4.11)

goooooon
lim Elxr(t)zr(t+ 7)) = Elx(t)x(t + 7)) = R (1)

— 00

goooooboboo

1 T , min(T,T—7)
_ : - —iwT
Pw) = %EOT[TQ R, (1) /max(O,‘r) dtdr
o
= TIEI;O?KT e TR, (T)(T — |7])dr
T
— 7iw‘r |T|
= fim [ Ro(r)(1 = 7 )dr
- / Ro(r)e ™" dr (4.12)

00000000000 00000 R,(r)D0ODODODODO0ODDOOOO0O0OO0DO 2z(t)00D00O0O0O
0OR,(r)00000000000 PwOOOOOODOOOUOOODODODODOODODODOODOOODODOOOO
0000000000 (Wiener-Khinthine’s theorem) 0 00000000000

R.( / P(w “”dw (4.13)
27r
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0000000000 R,(r)000000000000000000000 Pw)0OOOODOOO0OOO0O
2000000 «(t), y() 0000000 Rey(r) 0000000

Py (w) = /7 h Ryy(T)e ™7dr (4.14)

00000000000000 (cross-power spectral density) 0D 000000000 R, (r)0O000O
oooooooooooooooooOoooooooD Py(wODOoooooooooooo

000200000000 2(t) ==()+y) 0000000000000000000%(#) 00000
00 R.(1) O

R.(r) = B[a(t)2(t+7)] = E|(2(t) + y(t) (s(t + 7) + y(t + 7))]
= Elz@)z(t+7)+yOyt+ 1) +zt)y(t+7) +y)z(t + 7))
Ry (7) + Ry(7) 4 Ray(7) + Ry (T) (4.15)

goooooooooooobooooboooooooooonooooooo
P.(w) = Po(w) + Py(@) + Pay(w) + Palw) (4.16)

00020000000000000 (Rey(r) = Rye(r)=0)00002(¢)00000000000000
00000000000000000000000

P.(w) = Py(w) + P,y (w) (4.17)

gooooobo

4.3 U0O0O0O0OoOobobogobobooobooobobooobuga
0od

0000 2¢) 0000000 R,(r)D0000D0O0O00D0ODODOOO0OOODOODOOOOOOODOOO
0000000000000 0000000000000o0O0 (Blackman-Tukey method) D00 04.10
0000000000000 R,(r)0000DO0OO0OO0OU 0000000 ODOOOOOOOOOOOOO
goooooobooboboooboobbooobooboooooobooboobooOooobooobooon
gbooogbobooboobooobooboobobooobooboobbo ~r0DbOoO0DbOO0OObOO0ODbO
0000o0ooo000ooOoO00U0ooo0o0oOooOO0O0UoOOoO0oo0DoOoOOUOUOO0 |rl>MO0

gooooooog
1, T|<M

wR(T):{ 0, (|)t|hers (4.18)

goooooooo
Ry (T)wr(T)

goooooooobooobbboboooooooooooooooon
O0wg(r)0OOD0O0O0OO0O0O0OO00OO00OO0O0O00O0O0000O000000O000O000O00O0 (window
function) 00D 0000000000000 000O00O00O00O00O0O00O0O (Rectangle window) 000
oo ooobobooooo P/(W)DD

P(w) = f[Rm(T)wR(T)] (4.19)
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good
gboooboobooboobooooobooboboboboboboboooobDoboooboboooboo
0000000000000 000000000000000000000UD000 we(n)ODOOOO
googd
Wgr(w) = Flwr(r)] = 2Msinc(Mw)

gbooboobgboobooboobooboobooboon P(w):]:[l%z(r)]DDDDDDDDD
gboooooobooooobobooooboooon

L pw) s Wa(w) (4.20)

P’(w)Z%
O0000000WgR(w)OOOODOODODODODODOODO0O0O0000000000000000000oon
000000000000 000000000000U0D0O (lagwindow) OOOODODOOOODOOOOO
000000000000000000000 (spectrum window) 0000000000000 MOO
gobodoooooboooooobobooooo b oo oo bODoUOooooo
gboobooooodoooooobouoobooouoob oo ooobboooobooog
bbb oo ooooooooooooooon
ogoood

gbddooouooboooooboobouoob oo obDoobouoooon
00ddobobodOsincO000000O0O0O0OO0OOO0OO0ODO0O0OO0O0O0O00O0O0OO0OnO Px(w)
O000000oo0bobod0o0 sincO00000O0O00O0O0OODOOOOOODOOOOOODOOOOOOOOOO
aono P;(W)DDDDDDDDDD|:||:||:||:||:||:||:||:||:||:||:|DDDDDDDDDDDDDDDDDDDD
gdoboouoooooouoooooao

0000000000000 000000000000Uo0o0o0n (Bartlett window)

7|
- — fi <M
wp(T) = M’ or |7] <
0, others

(4.21)

0000000000000 3)0ooooooooooooog R;(T)DDDDDDDDDM:TDD
gbobooooboooobobboobooboooobobooooboobooooboooon

Wg(w) = Msinc? (%) (4.22)

gbbooobidbwbhOOOOOOoOOoO0obOobOobOOobOOOooOobOOobobOooooooboobOon
o000 41000 2000000
good
2
a—l—bcos(%)—i—ccos(%), for |7| <M
0, others

w(T) = (4.23)
O000a=0.54,0=046,c=00000000000000 (Hamming window)da=5b=0.5,c=000
00000000000 (Hanning window)Oa =0.42,6=0.5,¢=0.08000000000000000
(Blackman window) 0 0 0 O
oo b ooobDoooboooo
041 000000000000 000DO000DOO000O0OO0O00O0DODO0O0DODO0O0DDbODO0OOn
000000 M=64ms] 000000000000 O0DOOOOO0OOOOO0O0OOODOOOOOOOO
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gbobgooooboooooooboboobobobboboboboboboobooboobobobdg
gbooooobooooobooobooooboooobobooboobobooooboooobobooonoo
gobooobobooooooboobbooooboooobooobobooooooobooobobooobooooooon
goboooboobbooboobbooboobobooobooobbooboobooobooobo
gbooobobos3sooboobboobooooooobooooobooboobooooboooobooonoo
gboboboooooooboboboboooboboboobbobobobobobobonooon
goboobboooboobobooooobooooboooboooboooobooobooooooboooobooon
gbooobgoobobobobooboobooboboboobobooboobobboboobooboooo
goboooooobooboboobobooboboooboobooobooboooboboobboobo
gboobobooobobooboobooooboooobobobooboobooooobooooobooonoo
gbobgobooboboboobobobobobobobooboooooboobobobobboboooon
gboooooooooonbo

[0 30000000 100000 N(O,)DDOODODDDOODODOoooooo

1

H =
() = o8 T 105, 25027

00000000000000000000 24, t=1,..., 7000000000000 o, t=1,...,T
000000000 (41)000000000000000000000000000000000000
000000000000000000000000000000000000000000000000
0000000000000 000000000000000000000000

[D0]00007T =102 0000000000000000 4, t=1,..., 7000000000
00 Ry(r),r = —511,-510,...,-1,0,1,...,510,511[s] 00 0000000000000000000
M =32,64,256)s) D000 000000000000000000000000000000 (FFT)OO0
0000000000000000 (PSD)0000000O0000042(:)0()00000000000
00 PSDOOOODOOOOOOOOOOOODONOOODDD MOOOOOOOODOO0O0O0O0OO0O0000O0
00000000000000000000000 MOOOOOOOOO0O0OO0O00000000000
00000000000C00C00000000000000000000000000000000000
000000000000000000000000000000000000000000000000
ooooooo

4.4 O0O0O0O0OOOOOOOOOOOOOOOOOOOO

gobbOooooooboobooooooobooooooboooooobobooooooooooonoo
O0o00oo0oUooooooo0oooooo0o0ooouoU0oooD (FF)OOOooooooooooo
goboooboobooobboooboooboboooooboooobooboobobooobooooooboon
0000000000000 00o0o0o0o00ooo00o0o0ooUoon (periodgram method)d O O
O (direct method)OFFT O (FFT method) 00 0000000000000 OOOO FFTOOOOOO
gbobogboboobooboobobobobboboboobooooooboobobboboboboooon
gboooboogno
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Rectangle lag window

0.5

-100 -50 0 50 1
Bartlett lag window

o

0

0.5

>

-100 -50 0 50 1
Hamming lag window

o

0

0.5

>

-100 -50 0 50 1
Hanning lag window

o

0

0.5

:

-100 -50 0 50 100
Blackman lag window

0.5

@>

-100 -50 0 50 100
Time [ms]

100

50

60

40

20

60

40

20

60

40

20

60

40

20

Rectangle spectrum window

-

-0.2 -0.1 0 01 02

Bartlett spectrum window

8

-0.2 -0.1 0 01 02
Hamming spectrum window

B

-0.2 -0.1 0 01 02
Hanning spectrum window

-0.2 -0.1 0 01 0.2
Blackman spectrum window
-0.2 -0.1 0 0.1 0.2

Frequency [Hz sec]

041 0000000000000 0DO0O0O0OO00ODO0O0ODOO



) (a) PSD (Rectangle window, M=32[s]) ) (b) PSD (Batlett window, M=32[s]) ) (c) PSD (Blackman window, M=32[s])
10

10 10

-3 -2 -1 -3 -2 -1 -3 -2 -1

10 10 10 10 10 10 10 10 10
) (d) PSD (Rectangle window, M=64[s]) ) (e) PSD (Bartlett window, M=64[s]) (f) PSD (Blackman window, M=64[s])

™

-3 -2 -1 -3 -2 -1 -3 -2 -1

10 10 10 10 10 10 10 10 10

) (g) PSD (Rectangle window, M=256][s]) ) (h) PSD (Bartlett window, M=256[s]) (i) PSD (Blackman window, M=256[s])
10 10 10

™

107° 107 10" 10 107 10"
Frequency [Hz] Frequency [Hz] Frequency [Hz]

042 00 3000000000000000000O00O00O00C0OO0O0O0O0O0OO0O0OO0O0
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gboooobooogo

x(t) 0<t<T
xr(t) =
r(?) {0 others

gooooboboboooooobo 200700
_1 2
Poer(0) = | Flar (1))
Joooobobboooooooboboooooo

Prer(w) = —foT( N F [ (B)]*

oo
= —/ :UT 7“‘)tdt/ {ET Zwtdt
o0

= —/ / JtT(tl JtT tg)e_w(tl tz)dtldtg
T ) o) oo
/ T/ xp(t)zp(t —7)dt e "Tdr (4.24)

O000zp()0O00OO0O0OODOO
1 oo
— / {ET(t){ET(t - T)dt
T — 00
00z()00000 7000000 () 0000000000000 R,(r)00000000 (4.24)00
T A .
Poer(w) = / Ry (T)e™7dr (4.25)
-T

O0000Py(w) 000000000 (periodogram) 000000000 TO0000D0000 700000
OO000000000O00 Blackman-Tukey OO OO O0OO0O00O0OOOOOODOOOODOOOOOOOOO
O00000o0o0oUooo0ooooUoUood:() 0000000000000 0000O00ODO0OO0OO

Var[ per (w)]

_E[(faﬂ(w)_-ﬁﬂngKWH)Q}

}ﬂ(w){1+»<;%§£%%)2} (4.26)

00000000000000000000000000000 7T0000000000000000
00 P(w)0 20000000000000000000000000000000000000000
000000000000 00000000000000000000000000000000000
00000000000000000000000000000000000000000000000
Oz(t), 0<t<TOOO0000O00O000000000000O0O0O0O00000000 (#)0 KOOOO
000o0oooo0o0ooo PR k=1,...,KO000D0O00O00000000000000

}:%Q (4.27)
goooooooboooooogoogooooooobogouoog

Var[P(w)] o ~

ar w X —

K

O0O00OK —-oco0OO0OODO TﬁooDDDDDVar[P(w)]HODDDDDDDDDDDDDDDDDD
ooboooboobooboooobOOobFFTOOODDOODOODOOODODOOODOODODOOODOOD?
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gboboboboooboooobooooobooooboooboooboobobooboDoboobobobOoo
oooooooooobooooooooooobo0ooooDooooooDoOoOOrFFTOODODOOO0DODODOOO
gboboooo 2000000000000 0o00obO0obo0oboobobooobooboobooboonbD 20000
gboooobobooooboobooobooboooboooboooooobobooboooboooooooooobooboooDo
gbobooboooooboooboobooboooobooboobooboobooboboboobobooboboobon
ooo

ocooooobooo0oobo0oooobD FPFTOO0ODOODOOODOOOOOOOODOODDOODODOOO
O00000000OFFTOOO0O0O00O000000000000000000x(t)0000000O0O
obobooo FFTOOODODOOOOOODODOOOOODOOOODOOOOOOOobODOoDbDObOO
000000000000 0000000000000000000O0O0O0O0O000O0OOOOO (Gibb's
phenominon) 00 0000000000000 O00OO000O0O0OO0O0O0OO0O0O0OODOOOOOOO
000U0o00o0U00o0o00U00oo00oUoo0o0ooDO0UO0 z()0D000DOOOO0UDODOOOOOO
gobooooboooobooooooobobooooooobooooboooooooooobbbooooo
010000000000000000000000 w(n),|7rl<MOO0O0O00O

w(r)
Mo
\/m/_Mw (r)dr

gboboobooboobooboboob

[0 40000000 100000 N(O,)ODOOODODODOODOOOOOoDOO

1+152"140.522
H(z) = —F—gos

gboboooooboobooboooooboD o, t=1,..., 700 00000000DO000O0DOO0OOOOO
gboogoobooboobooboobooboobobbobbobboboobooboobooboobo

[00]00007T=2048)s|]0000000000000000a, t=1,..., 70000000 (4.1)000
0000000000000 Ru(r),7 = —2047,-2046, ..., —1,0,1,...,2046,2047[s) 0 00 M = 2048]s|
0000000000000 000000000000000000000000000000000000
0000000043(:) 00000000000 %, t=1,...,700000000000000 P00
0 (M) O00000000a, t=1,...,700000000000000000 K=2,4,80000000
0000000000000000000000000000000000000000000 (c),(e),(g)
O0000K =2,4,80000000000000000000000000000 (d),(f),(h)0000 (a)
0 (b)000 (425 000000000000000000000000000000000000 KO
000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000O
ooooooo
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(a) PSD (Blackman-Tukey) (b) PSD (periodgram, K=1)

10 10

10

10

10 10

/
/
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(e) PSD (periodgram, K=4) (f) PSD (periodgram, Blackman window K=4)
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5.1 U

goooobooooooootd z,, n=12,...00000000000000 ~0000O0D00O00O 2, 0
ooooooo NOODODOOO zp—1,...,2,y0000000000DOOO0O0O0OOC0OO0OO0ODO

Tn = f(@p-1,. ., Tn_N) (5.1)

0000o0oo0oOof(-)0000O000O00O00O000O0O0DO0OO00O0O0DOO0ODOUOOUOODOOOO
0000000000 000000 (prediction problem) 0000000 &, 000 z, 00 uy =2y — &y
00000 (prediction error) 0000 (5.1) 0000000000 w, 000000

Tp = f(mn—la--wxn—N)‘f'un (52)

0000000000 (5.1)00 (52)00000000000000000 f(-)0000000000
0000 (5.1)00 (5.2) 000000000 (linear prediction model) 0000000000000

N
T, = —Zakxn,k + Up (5.3)
k=1

0000 100000000000000000000000D00000O00O0000000 (5.3)000
O000000000ONOOOOOO0OO (autoregressive mode) D OO OO NO ARODOOODOOOO
AR(M)OOODODOODOODODARODDOOODODOOOO ak,k=1,...,NOOODOOOODOOOO ARO
ooooo

z, 00000%,-1,...,2,.y00000000 000000000 wp-1,...,u,—p 0000000
ooooooooooo

M N
Ty = Z bkun,k - Z ApTn—k (5.4)
k=0 k=1

000000 (54)0000000000000000000000000 (autoregressive-moving average
model)J0 000 (N,M)0 ARMAOOOOOOOOARMA(N,M)0000O0000 (5400000
oobz20000000000

M
T =Y bptin_i (5.5)
k=0

O0MOOOOOOO0OO (moving average mode) DO O OO MO MAOUOOOODOOMAM)OOOO

0000 (b.4)00 (5.5) 0000 bg,k=1,.... MOODODDOODOODODODODO MADOOOOOO
00000000000000 25, n=1,2,...0000 00000 gy = E[zn] =0, n=1,2,...000

O000000ARODDOODDDOODOODOOOOO0O0OOO0OoO000000DO0000 o, n=1,2,...
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000000000 @, — e, n=1,2,...0000 z,, n=1,2,...00000000000 (5.3)000
ooQ

xr = (xn,l,xn,g,...,xn,N)T, a= (al,ag,...,aN)T

goooog
gooooooo

gooboooboodbw, 00b0bo0bobo0boboooobobobobobobobn 20000
000000000 0O0AROD e000O0OD0OO0OOODOOOO =, n=1,2,...0000 000000

goboooobooobbw, n=1,2,...0 00000 00000000000000O00 20000000
gooooobooooooboon

7y = Bl(un — Blun))®] = Elu;] (5.7)

u n

000000000 AROO e0000D00O0O (.7)0O0ODO (6)00OOOOO

o2 = FEl(xn+z"a)?

[
= El(z, +z7a) (z, +xTa)]

= E22 +2z,27a+ (x"a) (2" a)]

= E[z?] +2a"Elz,x] + aT Ejzx"]a (5.8)

O00000E@x,z]0 E[z2T) 00000

R.(1) R, (0 R.(1 Ro(N —1)
R, (2 R, (1 R, (0 Ro(N —2)
r = Elz,x] = +(2) , R=Elza"] = ’ m. ’
Rr(N) Rx(N_ 1) Rr(N_Q) Rx(o)
ooooo
02 = R,(0) +2a"r + a” Ra (5.9)
00000000 e0000O00D0O ,
oo,
U 9p 42 1
%0 r+2Ra (5.10)
2
oooooo %% —ooooo
da
Ra = —r (5.11)

O00000000000000 (5.11)00Yule-Walker 000000000000 O0O0O AROODO
0000 VYule-Walker 00O OOO00OO

0(.11)000000000000 ARODOOOOOD a0D0DO0ODO0O0D 200000000000
00004620000000000 (5.11)00 (5.9 0000000

gbobobtbw, 0b0oobogod
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Gr = aR.(l) (5.12)



0000000000000O0a =1000000 (5.11)00

N
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=0

0000000000 (5.12)00 (5.13)0000000

N
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gboobooboooboobooboboobooboon
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Ry (2 Ry (1)
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1 ap ae an-1
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0 ai
0 0 0 0 1
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R, (2 R.(N)
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0
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(5.13)
(5.14)
1 62
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5.2 UUOOOOODOOO

0000w, 00000000000 0000000000 w, 0000 oy, k=0,1,...00000
oood

Eluptn_i] = E[(xn + 6" &)2n_i]| = Elzntn_i] + Ela” &x,_1]

Oo00000Od0oAROODOOOOeO0OO0DOOO 2y, n=1,2,..000000000000000000
gobooooooooobooooobooooooobood z,, n=1,2,..00000000000000
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gboboooobooooobobobooboobooooboooooon

Elupxn_] = E[mnxn_k]—l—dTE[mxn_k]
N
= Ru(k)+ Y aR.(l—Fk)
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N
- Z&sz(l—/f) (5.17)
=0
00000 (b.14)0000000000000000O0O0O000 w, 0000 2y, k=0,1,...0000
ogoooooo
&2 k=0
Elupx,_1] = w 5.18
| d {0, k=1,2,....N (5.18)
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0000000 up, n=1,2,...0000000 Efunte_p] 000000000000 up, n=1,2,...
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00000000 (b.14)0001<k+m<NOOO
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= &2 (5.20)

ooooobooboooooDoboooboboE>0000

N N
Eluntn k] = Y am Y aRe(k+m—1) (5.21)
m=N—k+1 1=0

000000006 =0, k>LON>LO0O000am=0, m=L+1,...,NOOOOOOOO
Elupu,—i] =0, k=1,2,...,N—1L

0000ON - 00000
52 k=0
Tu (5.22)

Eluptn_r] = { 0 k40

gboooboobtutw,, 000o0oagno

[OO5s|0000000 100000 N(O,)ODDOOODOODOOoooooooo
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O00O0ON=1,23,400000 AROODO0000000000 ARODDODODODDODODODOD AROOOO
z, 00000000000 w, 00 (5.18)000000000000

[00]000000000000000000 2, n=1,...,10000[s]0000AR(N)0O0O0ON =1,2,3,4
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000000000000000000000000005.100000000000000000000
00000000000000 20000w4,042,0000000000000000000000000
00000000000000000AR(N)000000000000 Efuptn_k=0k=1,2,...,NO
0000000 (5.18)000000000000
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(a) AR(1) Model (b) AR(2) Model
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(a) AR(2) Model (b) AR(3) Model

1 1
"¥ 0.8 ¥ o08
DC DC
=< 0.6 == 0.6
-Lcu, 0.4 _"'; 0.4
g &
IS ©
£ 0.2 £ 0.2
g 0 G0
-0.2 -0.2
-0.4"“ - : -0.4"“ - :
0 5 10 15 0 5 10 15
Lag k [s] Lag k [s]
(b) AR(4) Model (b) AR(5) Model
1 1
"¥ 0.8 ¥ o08
DC SC
< 0.6 == 0.6
w w
- 04 - 04
2 2
IS ]
£ 0.2 £ 0.2
g 0 g 0
-0.2 -0.2
-0.4*" - ; -04*~ - ;
0 5 10 15 0 5 10 15
Lag k [s] Lag k [s]

0 5.2 00 60000E[uptn_i] =626, N »0o00000000000AR3)Da; = —0.98,ay =
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0000000000000000000000000000000000 20000 w, 0000000
000000000000000000000000000000000AR(4)000000000000
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0w, 00000000000000000
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0 (5.18)000

N

> aiRy(k—i) =0 for k=1,2,...,N (5.23)
0000000 AROO @,000000

> aiRu(k —i) = &x for k=1,2,...,N (5.24)

000 0000D0D0O0a=100000000200000000000

N
> (i — ai)Ry(k — i) = —e4 for k=1,2,...,N (5.25)

i=1

00O00e = (e(1),e(2),...,s(N)’ 00000000000

oooo
a—a=—-R'e (5.26)

Ela—a)=FE[-R €|~ —-R 'El[e] (5.27)
OD0OODDAROOOOOOOOODOOOOODOOOODOO
Covla] = E[(@a —a)(a —a)’] = E[R 'ee"R™'| = R 'Elec”|R* (5.28)

0000
E[e]0E[eT] 0000000 (524)000m=n+k000000000000000
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= § az § Tm—kTm—i
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= § xmk§axmz
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T+k+1

= }: Tkl (5.29)

mk+1
00oooo0o0ooooooooooooo b.8oOoouo 2, 0w, 000000000000
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O000000e, 0000000000 (5.29)000
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gooopoooooo4000000002,, v, 000000000 OOpair-wiserule 00000000

E[Z‘n—kunmm—lum] = E[xn—kun]E[xm—lum]
+ B[ kTm—1) Euntm]
+E[xn— it E[Tm 1] (5.32)

0000000 1,30000 (5.18)00000000N -0o0 00000000000 20000 (5.22)
00000000N 000w, 000 0000000000000000m=n00000000000
R, (k—1)6200000000000 (5.31)0
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(a) Expectation of AR parameter L (b) Variance of AR parameter
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(a) N=3, T=512[s] (b) N=3, T=8192[s]
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AR model method Periodgram method
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6.1 Levinson—DurbinOOOOOO
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